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The role of turbulence scales in generating far-field sound in free shear flows is studied via direct
numerical simulations of temporally developing, Mach 0.9 mixing layers. Four flows were
simulated, starting from the same initial conditions but with Reynolds numbers that varied by a
factor of 12. Above momentum thickness Reynolds number Re␦m ⬇ 300, all the mixing layers radiate
over 85% of the acoustic energy of the apparently asymptotically high-Reynolds-number value that
we are able to compute. Turbulence energy and pressure wavenumber spectra show the expected
Reynolds number dependence; the two highest Reynolds number simulations show evidence of an
inertial range and Kolmogorov scaling at the highest wavenumbers. Far-field pressure spectra all
decay much more rapidly with wavenumber than the corresponding near-field spectra and show
significantly less sensitivity to Reynolds number. Low wavenumbers account for nearly all of the
radiated acoustic energy. Far-field streamwise wavenumber pressure spectra scale well with the
layer momentum thickness, consistent with the insensitivity to Reynolds number of the largest
turbulence structures. At higher wavenumbers the streamwise spectra scale best with the Taylor
microscale. Interestingly, none of the spanwise far-field pressure spectra scale well with momentum
thickness despite doing so in the near-field turbulence. Instead they scale well at all wavenumbers
with the turbulence microscale. Implications of these results for large-eddy simulation of jet noise
are discussed. © 2008 American Institute of Physics. 关DOI: 10.1063/1.3005823兴
I. INTRODUCTION

The radiated sound spectrum from turbulent jets is
broadbanded, having intensity within 10 dB of its peak over
two decades in frequency. The role of turbulence scales in
generating this broadbanded sound is important for several
reasons, large-eddy simulation of turbulent jet noise being
perhaps the most obvious. Here, the degree to which noise
predictions must rely upon subgrid scale modeling of the
sound sources is tied, of course, to those that make the
sound. Fundamentally different modelings are needed if the
only important small scales are, say, the locally largest eddies spanning the thin mixing layer near the jet’s nozzle
rather than the small-scale turbulence distributed throughout
the jet. From a noise control perspective, the largest scales
are, naturally, more amenable to control, so their relative
contribution to the radiated sound in different parts of its
spectrum is likewise important. The role of scales is also
important in theoretical jet noise models, which typically require assumptions about the statistics of noise sources. Models for turbulence statistics are expected to be more reliable
for smaller scales, which are expected to be closer to homogeneous and therefore more universal.
An interesting observation about the sound spectra from
jets might also be related to the role of scales. There is strong
empirical evidence that over a wide range of jet operating
conditions the spectrum is well fitted by two spectral
shapes.1,2 One has a sharper spectral peak and is more active
at radiation angles closer to the jet axis. The other has a
broader spectrum and a more uniform directivity. Given the
1070-6631/2008/20共10兲/101503/12/$23.00

similarity of the sharply peaked spectrum’s directivity to that
predicted by noise models based upon instability waves,3 this
component is often referred to as the large-scale turbulence
spectrum. The other component is thus called the fine-scale
turbulence spectrum. There is no firm theoretical footing for
these designations however. Such a decomposition is particularly curious since both spectra have a similar spectral peak
frequency, which seems inconsistent with the expectation
that finer scales should emit higher frequencies.
Rather than disparate scales, another possible explanation for this two-component character is that the same turbulent noise sources radiate by multiple mechanisms. Goldstein
and Leib4 showed that the vector Green’s function for a
causal solution of an acoustic analogy constructed for a
slowly diverging mean flow has two components. Operating
on the same noise sources, these Green’s function components act as filters which only allow certain components of
the source to radiate to the far field. The resulting spectral
predictions share some of the key features of experimental
observations.4,5 Still another possibility is that noise from the
near-nozzle mixing layers and that which is generated around
the closing of the potential core are somehow fundamentally
different, yielding different spectra. In summary, it remains
unclear whether the two-component character of the spectrum results from different scales, different radiation mechanisms from the same sources, or different noise characteristics of different portions of the jet. In this study, our focus on
a mixing layer is motivated in part to avoid the additional
complexity introduced by the potential core structure of a jet.
It is notoriously difficult to make any direct assessment
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of the sound-generating role of turbulence scales in a jet.
There exists experimental evidence that most 共nearly all兲 of
the high-frequency acoustic energy comes from near the
nozzle, whereas the sources of low-frequency sound are distributed along the jet axis and peak near the end of the potential core.6–8 Near the nozzle, the locally largest scales are
on the order of the shear layer thickness and therefore are
small and expected to produce high-frequency sound. This is
consistent with the view that the locally largest scales are
responsible for most of the radiated sound spectrum and that
it is the range of locally largest scale sizes between the
nozzle lip and the close of the potential core that gives the
radiated spectrum its breadth. Indeed, analysis of large-eddy
simulations of jets suggest that representing the thin nearnozzle shear layers is more important than subgrid scale
modeling.9
To examine the relation of near-field turbulence scales to
sound field scales, we have designed direct numerical simulations of temporally developing mixing layers 共see Sec. II兲.
Geometrically, this configuration provides a model for the
shear layers in a jet prior to the close of the potential core.
The role of Reynolds number in jets has recently been investigated using large-eddy simulations.10 Our simulations are
designed to avoid the additional complexities introduced by
the potential core and the dissipation added to such largeeddy simulations to model 共at least functionally兲 the cascade
and dissipation of energy at unresolvable scales. Simulations
of several mixing layers with increasing Reynolds numbers
allow the comparison of the sound fields of flows that share
the same large turbulence scales, but with an increasing
range of smaller scales. Physically, the temporal mixing layer
also avoids the ambiguity of spatially developing flows
wherein the locally largest scales from different parts of the
flow radiate simultaneously. However, this nonlocality in
space is traded for nonlocality in time for a temporally developing flow. The nonstationary character of the flow also
makes it more convenient to consider the spatial range of
scales in the sound field rather than frequency spectra
directly.
Temporally developing mixing layers are computationally convenient due to their periodicity in both the streamwise and spanwise directions and have been used in many
cases to study transition and turbulence.11–15 However, temporally developing flows are only a model for their spatially
developing counterpart, and they cannot be expected to exactly match their radiated sound.16 In some examples,17,18 the
sound from temporally developing flows appears to be dominated by plane waves traveling perpendicular to the shear
layer. This behavior is an artifact of the small size of the
periodic domains in those studies. An analysis of the wavenumber components of a model wave equation 共see the Appendix for full details兲 shows that the discrete wavenumber
spectrum is only fundamentally restrictive when the dominant sound wavelength is comparable to the size of the periodic domain. When the spectrum is well resolved, its evolution into the sound field matches that of the continuous
spectrum case.

TABLE I. Mesh parameters for the direct numerical simulations.
Case

共Nx ⫻ Ny ⫻ Nz兲

Minimum ⌬y / ␦m0

Maximum ⌬y / ␦m0

ML1

340⫻ 213⫻ 84

4.68

26.48

ML2
ML3

680⫻ 425⫻ 168
2050⫻ 1251⫻ 512

2.34
0.79

13.64
4.72

ML4

2050⫻ 1251⫻ 512

0.79

4.72

II. SIMULATION DETAILS
A. The flow and flow parameters

Four temporally developing, uniform temperature mixing layers with streamwise 共x兲 and spanwise 共z兲 periodicities
were simulated at different Reynolds numbers. The two
streams of each mixing layer shared the same ambient density, temperature, pressure, and viscosity 共⬁ , T⬁ , p⬁ , ⬁兲
and the Prandtl number was uniformly 0.7. The four
mixing layers were simulated on three meshes 共see Table I兲
all in a computational domain of size 共Lx , Ly , Lz兲
0
0
, where ␦m
was the initial momen= 共2000, 2000, 750兲␦m
tum thickness. The grid was stretched in the cross-stream 共y兲
direction to cluster points in the shear region as opposed to
the regions above and below the layer where high resolution
was not needed. A uniform mesh was used in the periodic
directions. The number of mesh points used in each simulation is tabulated in Table I along with some mesh stretching
0
occurred on the layer cenparameters. The minimum ⌬y / ␦m
terlines 共y = 0兲 with a maximum on the boundaries y
0
. The stretching was set such that the spacing
= ⫾ 1000␦m
changed by less than 1% point-to-point in the mixing layer.
Several definitions of Reynolds number for each simulation are listed in Table II. The simulations were set such that
the initial Reynolds number of ML2 was twice that of ML1,
ML3 was initially three times ML2, and ML4 was initially
twice ML3.
B. Numerical methods

The Navier–Stokes equations for a compressible fluid
were solved numerically without modeling assumptions. The
0
-wide absorbing
cross-stream 共y兲 direction had a 150␦m
buffer zone at the top and bottom of the domain to mimic an
infinite domain. In this zone, the solution was damped toward a quiescent state by adding a dissipative forcing term to
the right-hand side of flow equations as done by Freund,19
here with  = 0.6 using the same notation. In these buffer
zones, the flow was also filtered with a low-order, low-pass
filtering scheme.20,21 One-dimensional characteristic radiation boundary conditions22 were applied at the domain edge.
High-resolution finite-difference methods were used in
the streamwise and cross-stream directions. The fourth-order
spectral-like pentadiagonal compact finite-difference scheme
of Lele20 was used in the cross-stream direction. This scheme
has coefficients that are tuned to improve resolution by sacrificing formal order. The same stencil could yield a tenthorder scheme. In the streamwise direction, a higherresolution variant of the explicit dispersion-relationpreserving scheme of Tam and Webb23 was used. It has a
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TABLE II. Reynolds numbers of the four simulations. The final Re␦m and Re␦99 are taken at the end of the time
series.
Initial Re␦m

Final Re␦m

ML1

35

233

ML2
ML3

69
207

485
1442

ML4

414

2848

Simulation

nine-point stencil and sixth-order accuracy. This explicit
scheme was chosen in the streamwise direction to facilitate
domain decomposition for implementation on parallel computer systems. Figure 1 shows the dispersion characteristics
of the first derivative routines used. A seven-point sixth-order
explicit scheme was used in both the x- and y-directions for
second derivative calculations. A Fourier spectral scheme
was used in the spanwise direction. The solution was ad0
/ ⌬U by the seven-step
vanced in time with ⌬t = 0.27␦m
Runge–Kutta scheme of Hixon et al.,24 which was optimized
for stability and accuracy.
Despite its high resolution, the highest Reynolds number
mixing layer simulation 共ML4兲 required slight stabilization.
This was done by high-wavenumber filtering as is often used
in conjunction with such algorithms.25,26 No filtering was
done on the ML1, ML2, or ML3 simulations. The spanwise
direction was filtered with a Fourier wavenumber cutoff filter, which removed the top 15% of wavenumbers. A filtering
procedure similar to that of Visbal and Gaitonde25 and
Bodony and Lele26 was used to filter in the streamwise and
cross-stream directions. A variant of the compact pentadiagonal filter of Lele20 was used. Its transfer function T共k⌬兲 is
also shown in Fig. 1. The coefficients of the scheme were set
such that T共k⌬兲 = 0.95 at k⌬x /  = 0.85. All flow variables of
the direct numerical simulation solution were filtered in each

Final Re␦99

Maximum Rex

Maximum Rez

2029

148

74

4297
12 458

171
292

97
177

24 376

422

280

coordinate direction every five time steps, but only at 60%
strength. That is, a linear combination of the filtered and
unfiltered fields was used,

冋 冉 冊册 冉 冊
y

qnew = 1 − 

y

q+

␦m0

␦m0

共1兲

qfilt ,

with



冉 冊
y

␦m0

冤

冉
冢

y

+ ␦ⴱ/2
␦m0
max
=
tanh 5
2
␦ⴱ/2

冉
冢

y

− ␦ⴱ/2
␦m0
− tanh 5
␦ⴱ/2

冊 冣冥

冊冣
共2兲

,

where max = 0.6 and ␦ⴱ = 1.1␦99共t兲. The physical width of the
filtered region, ␦ⴱ, was set such that filtering effectively only
had support in a region 10% larger than the 99% thickness
共␦99兲 of the layer. No filtering was applied outside of this
region. It is important to note that this filtering provides mild
stabilization to a highly resolved simulation and should not
be regarded as a turbulence model. Its negligible effect on
the resolved scales is demonstrated in Sec. III C.
C. Initial conditions

The ML3 simulation was assigned an initial streamwise
mean velocity

3

2.5

T (k∆) and k  (k∆)

U共y兲 =
2

⌬U
tanh共y y兲,
2

0
and ⌬U / a⬁ = 0.9, where a⬁ is the ambient
where y = 5 / ␦m
speed of sound. The Mach number of the top stream was
M 1 = + 0.45 and the bottom was M 2 = −0.45. The temperature
was the same in both streams. No mean flow was specified in
the y or z directions. The turbulence was seeded via a velocity potential

1.5

1

冉

Np

0.5

共x,y,z兲 = − 兺 Aij cos kix
i,j

0

共3兲

0

0.5

1

1.5

2

2.5

3

k∆
FIG. 1. Modified wavenumber of the spatial discretizations and filter transfer function: z differentiation 共—兲; y differentiation 共----兲; x differentiation
共− · · −兲; and filter T共k⌬兲 共--䊊--兲.

⫻e−共yy

2/␦0 兲
m

x

␦m0

冋冉 冊
sin

冊 冉

+ i cos kzj
y

␦m0

z

冊
冉 冊册

␦m0

+ 2y y cos

+ j
y

␦m0

. 共4兲

Here i and  j are random phases between zero and 2. The
mode amplitudes
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simulations of temporal and spatial mixing layers under
similar conditions12 as well as previous experiments27 of spatial mixing layers.

50

B. Visualization

0
δm / δm

40

A visualization in Fig. 3 shows the vorticity magnitude
in the shear layers and pressure perturbations from p⬁ at t
0
= 2160␦m
/ ⌬U at z = 0. Over the range of Reynolds numbers,
the pressure fields appear similar despite an obvious increase
in the range of turbulence scales in the shear layer with increasing Reynolds number. Figure 3 also shows divergence
of velocity in place of pressure in the sound field. Since

30

20

10

1000

1500

2000

ⵜ·u⬀

2500

dp
dt

共7兲

0
t∆U/ δm

FIG. 2. Momentum thickness evolution: ML1 共----兲; ML2 共—兲; ML3 共-䊐-兲;
and ML4 共-䊊-兲.

Aij =

⑀

共5兲

42kixkzj

had ⑀ = 0.15 and the streamwise and spanwise wavenumbers,
kix =

2i 0
␦ ,
Lx m

kzj =

2 j 0
␦ ,
Lz m

共6兲

gave a decaying spectrum. The longest wavelength in each
direction was set to be five times the initial momentum thickness, which was equivalent to Lx / 400 and Lz / 150. N p = 75
modes were used in each direction. No initial density or pressure perturbations were imposed.
Starting from this initial condition, ML3 was simulated
0
/ ⌬U until it spread to about eight times its initial
for 540␦m
momentum thickness. At this point, significant energy was
found in lower wavenumbers not excited by the initial perturbations, obvious initial transients had passed, and the
layer was growing linearly in time 共see Sec. III A兲. The ML3
field at this time was also then used as the initial flow field
for the other three simulations. For the ML1 and ML2 simulations, the field was filtered and interpolated onto the
smaller meshes using Fourier cutoff filters in x and z and
cubic splines in y.

III. RESULTS
A. Layer growth
0
All of the mixing layers were simulated for 2430␦m
/ ⌬U
beyond the initial condition generated in the ML3 simulation. The growth of the mixing layers is shown in Fig. 2. The
layers grow about seven times their initial thickness during
the simulation with the relatively viscous ML1 growing at a
slightly lower rate than the others. The initial and final Reynolds numbers are reported in Table II. The layers grow at an
average rate of ␦⬘共t兲 / ⌬U = 0.0187, which is comparable to

in the acoustic limit, for visualization purposes this appears
to augment the modestly increased range of scales 共frequencies兲 in the sound field. The visualizations at z = 0 are representative of each layer’s large-scale structures throughout the
spanwise domain. The pairing events are not localized in this
direction and the structures cover almost the entire spanwise
domain. No attempt was made to decorrelate the turbulent
structures in this direction.
C. Energy spectra

One-dimensional turbulence energy spectra calculated
0
/ ⌬U. The
on the centerline are shown in Fig. 4 at t = 2160␦m
mixing layers never become statistically stationary, but by
this point in time only the peak wavenumber is changing
substantially, progressing to lower wavenumbers as the layer
grows. This suggests that the turbulence is fully developed.
The spectra show that all of the mixing layers are well resolved with the streamwise spectra dropping at least eight
decades and the spanwise spectra dropping at least seven.
For the stabilized ML4 simulation, the vertical line in Fig.
4共a兲 labeled “T999” marks the wavenumber for which the
stabilizing filter’s transfer function was T共kx␦m兲 = 0.999. The
sudden drop in the spanwise spectra of ML4 in Fig. 4共b兲
shows the effect of the Fourier cutoff filter used in that direction. As expected, the spectra are similar in the energy of
the largest wavelengths.
The resolution of the turbulence is far better than typical
large-eddy simulations and the stabilizing filtering is restricted to only the highest wavenumbers. Assessing the effects of the filter on the resolved scales is needed. This is
particularly important since it provides no physical model for
the unresolved scales and would therefore be expected to fail
as a subgrid scale model if applied closer to the energetic
scales. We regard it as providing a minimal amount of numerical stabilization to a direct numerical simulation. To assess the effect of the filter on the turbulence in ML4, an
additional simulation was done. Given the well-resolved direct numerical simulation of ML3, its field was filtered and
interpolated onto a mesh with half the points in each direction 共1025⫻ 626⫻ 256兲 in the same manner as for the ML1

Downloaded 31 Oct 2008 to 130.126.179.211. Redistribution subject to AIP license or copyright; see http://pof.aip.org/pof/copyright.jsp

101503-5

Phys. Fluids 20, 101503 共2008兲

The sound from mixing layers

(b) ML1 Dilatation

0
y/ δm

0
y/ δm

(a) ML1 Pressure

0
x/ δm

0
x/ δm

(d) ML2 Dilatation

0
y/ δm

0
y/ δm

(c) ML2 Pressure

0
x/ δm

0
x/ δm

(f) ML3 Dilatation

0
y/ δm

0
y/ δm

(e) ML3 Pressure

FIG. 3. 共Color online兲 Pressure, dilatation 共ⵜ · u兲 and vorticity magnitude
visualizations.

0
x/ δm

0
x/ δm

(h) ML4 Dilatation

0
y/ δm

0
y/ δm

(g) ML4 Pressure

0
x/ δm

and ML2 initial conditions. The Reynolds number was left
unchanged but the same filtering procedure used for the ML4
simulation was applied. This allowed for a direct comparison
of filtered fields with the corresponding direct numerical
simulations which should reveal the same errors as caused by
the stabilization of ML4. The energy spectra and pressure

0
x/ δm

spectra of the two cases are compared in Fig. 5 and show
essentially no difference up to the T999 point.
Only ML3 and ML4 have spectra suggestive of an inertial range, and their spectra appear to collapse in this region
共see Fig. 6兲 when subjected to scaling via the streamwise
Taylor microscale
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FIG. 5. One-dimensional x-direction energy and pressure spectra computed
at y = 0 and y = −850␦m0 共denoted as “far-field pressure”兲: stabilized coarser
mesh simulation 共—兲 共see text兲 and ML3 共-䊐-兲.
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D. Pressure spectra
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To investigate the increasing range of turbulence scales
at higher-Reynolds numbers, we compare near- and far-field
pressure spectra. All spectra were calculated at t
0
/ ⌬U, the same time of the simulation as the energy
= 2160␦m
spectra presented in Sec. III C and visualizations in Sec.
III B. One-dimensional pressure spectra in the streamwise
and spanwise directions were calculated at y = 0 and 兩y兩
0
0
0
. The pressure spectra at y = −850␦m
and y = 850␦m
= 850␦m
were computed and averaged together to provide a measure
of sound in the far field. Confirmation of the far field was
attained via an extrapolation using data from the y =
0
plane from the direct numerical simulations as a
−550␦m
boundary condition for an Euler equation solution beyond
the Navier–Stokes domain.

10

-10

10-11
10

(b)

0

10

1

kz δm

x共t兲 =

冢 冣
u ⬘u ⬘

 u⬘  u⬘
x x

1/2

,

共8兲

which is computed on the mixing layer centerline and where
共 兲 denotes averaging in the x- and z-directions. The spectra
of ML1 and ML2 do not collapse with this scaling, which is
consistent with their apparent lack of an inertial range. Similar results are found with the spanwise velocity spectra 共not
shown兲 when scaled by z, the spanwise Taylor microscale
defined in the same manner as Eq. 共8兲. Kolmogorov scaling
collapses the streamwise and spanwise spectra of ML3 and
ML4 at high wavenumbers.28

E(kx )/(∆U 2 λx )

FIG. 4. One-dimensional kinetic energy spectra at y = 0 in the 共a兲 x and 共b兲
z directions with ML1 共----兲; ML2 共—兲; ML3 共-䊐-兲; and ML4 共-䊊-兲. The
straight solid lines have a slope of −5 / 3.
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T999
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-12
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-14
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-1

10
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2

kx λx
FIG. 6. One-dimensional streamwise velocity spectra at y = 0 scaled by the
Taylor microscale, x: ML1 共----兲; ML2 共—兲; ML3 共-䊐-兲; and ML4 共-䊊-兲.
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Far field

2

FIG. 7. One-dimensional x-direction pressure spectra of ML3 simulation at
several y locations at propagation adjusted times. y = 0 共—兲; y = −250␦m0
共----兲; y = −550␦m0 共–䊐–兲; y = −850␦m0 共–䊊–兲; and y = −1850␦m0 共–䉭–兲.
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10

1

10

2

kx δm

10-5

Ep (kz )/(ρ2∞ ∆U 4 δm )

This result is shown in Fig. 7 for one-dimensional
streamwise pressure spectra of ML3 at several cross-stream
locations below the shear layer. The propagation-time ad0
and y
justed far-field pressure spectra at y = −550␦m
0
= −850␦m calculated by the direct numerical simulations
showed no significant differences with the spectrum at y
0
. The Euler solver used a smaller mesh since it
= −1850␦m
was far from the shear layer and therefore the highest wavenumber in Fig. 7 is less than the other spectra obtained from
the direct numerical simulation data. A slight variation is
0
location to those further away. The
seen from the y = −250␦m
structures of the mixing layer grow into this region at this
time in the simulation which is seen in the low wavenumber
components of Fig. 7. These results also justify the utility of
the current direct numerical simulations of temporal mixing
layers to study far-field sound. As per the discussion in Sec.
I and the Appendix, the energy in any particular streamwise
共and spanwise, not shown兲 wavenumbers do not decay away
0
and therefore do not result in purely planar
from y = −250␦m
waves in the far field.
Figure 8共a兲 shows the streamwise near- and far-field
pressure spectra scaled by the momentum thickness. The
lowest wavenumbers of all four mixing layers scale with the
momentum thickness, as was the case with the energy spectra. The effect of Reynolds number is similarly clear here.
ML1 and ML2 depart near kx␦m ⬇ 1, whereas ML3 and ML4
continue on together at a constant slope until kx␦m ⬇ 10
where the ML3 curve begins to decay. This region of constant slope corresponds to the k−7/3 inertial range scaling for
mean-square pressure fluctuations for homogeneous
turbulence.29 George et al.30 extended the scaling analysis to
turbulent shear flows and suggested a switch from k−7/3
共turbulence-turbulence兲 to k−11/3 共turbulence-mean shear兲 at
lower wavenumbers. These scalings appear to explain a kink
in the spectra of an axisymmetric, incompressible jet30 and a
similar change in slope has been observed in large-eddy

10

(a)

10

-7

10

-9

10

-11

10

-13

10

-15

Far field

(b)

10

0

10

1

kz δm

FIG. 8. One-dimensional pressure spectra at y = 0 and y = ⫾ 850␦m0 共denoted
as “far field”兲: 共a兲 x-direction, with straight solid lines having slopes −11/ 3
and −7 / 3, and 共b兲 z-direction with the straight solid line having slope −7 / 3.
Curves designate: ML1 共----兲; ML2 共—兲; ML3 共-䊐-兲; and ML4 共-䊊-兲.

simulations of compressible jets.26 In the current study, ML3
and ML4 exhibit the −7 / 3 slope over almost a decade of
wavenumbers and a kink in the spectra shows the possible
transition to the −11/ 3 slope, although the limited size of the
computational domain prevents forming any strong conclusions in this regard.
Far-field streamwise spectra are also shown in Fig. 8共a兲.
When scaled by the layer thickness, ML2, ML3, and ML4
collapse well in lower wavenumbers, with ML1 showing
slightly lower values. The far-field spectra of ML2, ML3,
and ML4 all diverge at about the same wavenumber—near
the wavenumber of the beginning of the apparent near-field
inertial range in the centerline spectra. The far-field spectra
also decay much faster after the beginning of the inertial
range than the near-field spectra, especially for the ML3 and
ML4 cases. Figure 8共b兲 shows the spanwise near- and far-
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field pressure spectra scaled by the layer momentum thickness. The far-field spectra decay in the same manner as the
streamwise far-field spectra—well before the centerline spectra decay. However, in contrast to the streamwise spectra, the
spanwise spectra do not collapse in any region of wavenumbers when scaled by the layer thickness.
The narrow character of the far-field spectra compared to
the source spectra in the near field at y = 0 is expected from
the acoustic analogy of Lighthill.31 It is well known that only
components of the source with streamwise supersonic phase
velocity are capable of radiating to the far field.32–35 The
radiation-capable portion of a k −  plane and the turbulence
spectrum in this same plane is expected of itself to limit the
radiation to the far field, effectively narrowing the far-field
spectra.
Pressure waves may be attenuated as they travel from
their source due to the effects of viscosity. The extent of the
dissipation is related to the distance the waves have traveled,
the Reynolds number, and the frequency/wavenumber of the
disturbances. Based on the standard estimates 共e.g., Pierce36兲
under the assumption of plane waves emitted from the shear
layer, it can be shown that the viscous attenuation is expected
to be negligible for the wavenumber ranges of interest at
0
for all of the mixing layers.28
兩y兩 = 850␦m
Figure 9共a兲 shows the streamwise pressure spectra scaled
by the Taylor microscale, x. The near-field spectra in the
streamwise direction collapse in a similar manner as the energy spectra. ML3 and ML4 scale together for a decade in
wavenumber. The far-field spectra show that all the spectra
are moved together for the ML3 and ML4 cases over almost
the entire spectrum except at the lowest wavenumbers, where
it scaled well with the layer thickness, ␦m. The lower Reynolds number cases do not collapse with the higher cases.
The centerline spanwise spectra in Fig. 9共b兲 show the ML3
and ML4 cases collapsing in a similar fashion as the streamwise. The maximum values of the spanwise Taylor Reynolds
number Rez are reported in Table II and are all 1.5–2 times
smaller than their streamwise counterparts. However, the
ML2 case in the spanwise direction also collapses well with
the higher-Reynolds-number simulations.
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FIG. 9. One-dimensional pressure spectra at y = 0 and at y = ⫾ 850␦m0 : 共a兲
x-direction scaled by the streamwise Taylor microscale x, and 共b兲
z-direction scaled by the spanwise Taylor microscale z. Curves indicate:
ML1 共----兲; ML2 共—兲; ML3 共-䊐-兲; and ML4 共-䊊-兲.

E. Acoustic power and energy

The net radiated acoustic power 共area-integrated acoustic
intensity兲 is defined as
P共t兲 =

1
 ⬁a ⬁

冕冕
Lz

0

Lx

关p共x,y b,z,t兲 − p̄共y b,t兲兴2dxdz,

共9兲

0

0
, the location of the far-field spectra calwhere y b = ⫾ 850␦m
0
and
culated in Sec. III D. The curves of P共t兲 at y = −850␦m
0
y = 850␦m have been averaged together and are shown in Fig.
10. As smaller scales are introduced to the flow by increasing
the Reynolds number, the net effect on the acoustic power is
minimal. The curves of P共t兲 are coincident at the beginning
due to all of the mixing layers being started from the same
initial condition. As the Reynolds number is doubled from
ML1 to ML2, there is a marked increase in P共t兲. ML1’s
contribution follows the same trends as the other three layers
at a lower magnitude, but near the end of the time series

0
/ ⌬U where the ML1
joins the other curves. At t = 2810␦m
curve joins the others, Re␦m = 215 for ML1, which is near the
initial value of ML3 共see Table II兲. The same trend is true for
ML2, which initially is far from the almost coincident ML3
and ML4 curves, but joins them in almost half the time as
ML1. The doubling of Reynolds number from ML3 to ML4
has little effect on the values of P共t兲.
To quantify this result further, integrating with respect to
time gives

EA→B =

冕

t=B

P共t兲dt,

共10兲

t=A

0
planes over
the total acoustic energy through the y = ⫾ 850␦m
the time horizon of the four simulations. Four points of interest in the time series are marked in Fig. 10. Point A is the
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FIG. 10. Acoustic power P共t兲 at y = y b: ML1 共----兲; ML2 共—兲; ML3 共-䊐-兲;
and ML4 共-䊊-兲.

approximate location where the four curves begin to “forget”
0
/ ⌬U兲. Point B is the location
the initial condition 共t = 1295␦m
0
/ ⌬U兲.
where ML2’s curve joins ML3 and ML4 共t = 2140␦m
Point C is the location where the same happens for ML1 共t
0
/ ⌬U兲, and point D marks the end of the time series
= 2810␦m
0
/ ⌬U兲. Table III shows the results of integrating
共t = 2970␦m
between points A → D, B → E, and C → D.
The integration from A → D shows that ML3 and ML4
have equivalent E despite showing minor visual differences
in P共t兲 in Fig. 10. This suggests that the additional small
scales included in ML4 had little contribution to the net
acoustic energy radiated. As ML2 grows in time and reaches
a Reynolds number similar to the initial Reynolds number of
ML3 at point B, the results of the integration from B → D
show ML2 being roughly the same despite differences in the
curves of P共t兲. From C → D, where all of the curves lie near
each other, the integrations show similar values of energy for
each mixing layer. For Re␦m ⲏ 300 the simulations seem to
radiate the same net acoustic energy.
F. The role of vortex pairing

The distinct peaks and valleys of the acoustic power P共t兲
in Fig. 10 do not seem to correspond to any particular events,
such as vortex pairings, in the near field. Several studies of
harmonically excited flows have shown noise due to vortex
pairing in free shear flows.17,18,37–40 However, Wei and
Freund41 showed using an adjoint-based control optimization
procedure that the sound from a randomly excited 共nonhar-

monic兲 two-dimensional mixing layer could be significantly
suppressed without altering the vortex pairing dynamics.
The pairing history in the present flows was quantified
by counting the low pressure regions 共where p − p⬁ ⬍ 0兲
along the streamwise direction at y = z = 0. All spanwise locations showed similar behavior. A vortex structure corresponds to each of these regions and pairings occur when
regions converge. Figure 11 shows the decreasing number of
structures versus time for the four mixing layers. The gray
boxes in Fig. 11 surround the four main peaks of P共t兲 in Fig.
0
/ ⌬U,
10 at times t = 共1413, 1573, 2025, and 2390兲␦m
shifted to approximate the retarded time factor between y
0
. There appears to be no pairing pattern
= 0 and 兩y兩 = 850␦m
that corresponds to the fluctuations in radiated energy. Other
measures of vortex pairing noise also show no conclusive
role of pairing in this flow and are to be reported
elsewhere.28
G. Far-field frequency spectra

It is of course challenging to compute frequency spectra
for time-developing flows, but the time spectra show essentially the same behavior as the wavenumber spectra. Far-field
0
are
frequency spectra of the four mixing layers at y = −850␦m
presented in Fig. 12. To compute the spectra the time series
0
0
/ ⌬U and t = 2970␦m
/ ⌬U
of pressure data between t = 765␦m
was used. These times corresponded to slightly after pressure
fluctuations from the initial field of the mixing layers reached
0
plane and to the end of the data set, respecthe y = −850␦m
tively. Spectra were calculated at every sixth data point in x
and every other data point in z, averaged together, and
binned to create the 1/3-octave averaged spectra shown. The
data sets were windowed with a Blackman 共triangle兲 function.
All of the mixing layers have a broadband of frequencies, but similar magnitude only in the lowest frequencies,
with ML3 and ML4 being almost identical. A rapid decay is
0
especially in the low Reynolds
seen after  = 0.01⌬U / ␦m
number cases. ML3 and ML4 follow each other closely until
0
, where both have decayed three deabout  = 0.04⌬U / ␦m
cades. That the simulations are similar in the lowest frequencies confirms again that their shared turbulence scales,
namely, the largest scales, are responsible for the majority of
the sound emission. For ML3 and ML4, the addition of the
smaller scales appears to only affect frequencies above 
0
= 0.04⌬U / ␦m
at magnitudes significantly below the levels of
the lower frequencies. The trend is more evident when comparing ML1 and ML2 to the higher-Reynolds-number simulations at higher frequencies.
IV. CONCLUSIONS AND DISCUSSION

TABLE III. Net acoustic energy E between labeled points in Fig. 10.

ML1
ML2
ML3
ML4

EA→D

EB→D

EC→D

1.596
2.110
2.458
2.480

1.102
1.412
1.557
1.538

0.278
0.312
0.299
0.274

The far-field sound is seen to have a streamwise wavenumber spectrum that is invariant to Reynolds number over
the same range of wavenumbers as the near-field turbulence.
Nearly all the radiated acoustic energy is in this range, which
is consistent with Lighthill’s statistical estimates of stresstensor correlations.42 Based on the net radiated power, more
than 85% of the acoustic energy that would apparently be
radiated in the high-Reynolds-number limit is radiated for
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FIG. 11. 共a兲 Pressure evolution at y
= z = 0 of the ML4 mixing layer. Black
denotes 共p − p⬁兲 / 共⬁⌬U2兲 ⬍ 0 and
white denotes 共p − p⬁兲 / 共⬁⌬U2兲 ⬎ 0.
共b兲 Number of large-scale structures
showing the progression of pairing
events at y = z = 0 in the ML1 共----兲,
ML2 共—兲, ML3 共-䊐-兲, and ML4 共-䊊-兲
mixing layers. The horizontal axis is
shown with a logarithmic scale.
Propagation-time adjusted time intervals surrounding several peaks of
acoustic power in Fig. 10 are shaded
in gray in both 共a兲 and 共b兲.
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Re␦m ⲏ 300. This result suggests that there should be a low
burden in large-eddy simulations to represent noise from turbulence scales that are not explicitly represented, although
any importance weighting of the spectrum such as for gauging annoyance could, of course, complicate this conclusion.
This is also consistent with the conclusions of Bodony and
Lele9 deduced from the relative success of large-eddy simulations. They conclude that the fidelity of the radiated sound
prediction is most dependent upon representing the locally
largest turbulence scales near the nozzle. The frequency
spectra we were able to estimate for the nonstationary flow
suggest a similar behavior. In contrast to large-eddy simulation, modeling approaches that require assumptions about the
statistical properties of the turbulence 共e.g., isotropic,
homogeneous,43 and axisymmetric44兲 will be most challenged by the need to model the statistics of the largest
scales, which are never universal.
Interestingly, the spanwise structure of the sound field
shows no similar low wavenumber collapse despite the low
wavenumber Reynolds number insensitivity of the spanwise

0
Spp /(ρ2∞ ∆U 3 δm
)

5

# of Structures

10

-4

10

-5

spectra in the near field. This is consistent with the notion
that the largest instability wave structures in the flow radiate
in a special fashion as they propagate downstream. This line
of thinking is the basis for the designation of the more
peaked empirical sound spectrum component as being associated with the large turbulence structures1 and consistent
with detailed analysis of the role of instabilities in generating
far-field sound.4 In simple analytical models, instability wave
structures can have a highly downstream directive 共so-called
superdirective兲 character.45 This type of directivity and nearfield sources have been educed via spectral analysis of lowReynolds-number jet turbulence.35
The spectra for the Reynolds-number-sensitive higher
wavenumbers of the streamwise spectra and all the wavenumbers for the spanwise spectra collapse reasonably well
with the turbulence microscale scaling. This suggests that
only this low-energy part of the sound derives from scales
smaller than the most energetic. Although the acoustic energy in this range is much less than the spectral peaks, it
could conceivably be important in some cases when weighting the sound for human annoyance. The highest two Reynolds number mixing layers, both of which showed evidence
of an inertial range, show better collapse of their spectra via
this scaling. There is no evidence that viscosity itself directly
affects any part of the radiated sound spectra.
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APPENDIX: DECAY OF NONPLANAR WAVES
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FIG. 12. 1/3-octave frequency spectra at y = −850␦m0 : ML1 共----兲; ML2 共—兲;
ML3 共-䊐-兲; and ML4 共-䊊-兲.

Lele and Ho17 analyzed a two-dimensional streamwise
periodic domain via a model wave equation, which we generalize here to include the spanwise 共z兲 coordinate direction.
A disturbance 共x , y , z , t兲 due to arbitrary sound sources Q is
governed by
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+U
x
t

冊

8

2

−

a⬁2 ⵜ2

共A1兲

= Q共x,y,z,t兲,

where U is the mean velocity of the flow in the x direction. A
Fourier transform in x and z yields an advected Klein–
Gordon equation

冉



+ ikxU
x
t

冊

2

冉

冊

2
ˆ = Q̂共kx,y,kz,t兲.
ˆ − a⬁2
− 共k2x + kz2兲 
 y2
共A2兲

Note that the same equation as the above results regardless of
whether the domain is periodic with discrete wavenumbers
knx = 2n / Lx and kzm = 2m / Lz, or if the wavenumber spectrum is continuous. The free space Green’s function of Eq.
共A2兲 is

冋

兩y − y ⬘兩
1
G共y,t;y ⬘,t⬘兲 = e−ikxU共t−t⬘兲H t − t⬘ −
2
a⬁

冋 冑

⫻J0 ka⬁

共t − t⬘兲2 −

册

册

共y − y ⬘兲2
,
a⬁

共A3兲

where k = 冑k2x + kz2 and H is the Heaviside function. The solution of Eq. 共A2兲 is

ˆ 共kx,y,kz,t兲 =

冕 冕
⬁

t⬘=−⬁

⬁

y ⬘=−⬁

Q̂共kx,y,kz,t兲G共y,t;y ⬘,t⬘兲dy ⬘dt⬘ .
共A4兲

Since for any k the sound field behavior is independent of
whether or not the domain is periodic—whether or not the
spectrum is discrete or continuous—any effect of the periodicity is not due to the periodic images per se. When the
discrete spectrum is a good model for the infinite-domain
continuous spectrum 共that is, it retains adequate wavenumber
resolution兲, we do not expect any direct effects of the periodicity. This amounts to having a sufficiently large periodic
domain size.
A k = 0 dominance in the sound field 共e.g., Lele and
Ho17兲 can result from a strong correlation on the scale of the
computational box, which is equivalent to coarse resolution
of the low wavenumbers. When the sound wavelength is
comparable to the periodic box size, only k = 0 radiation is
possible since this is the only discrete wavenumber that satisfies the 兩兩 ⬎ 兩k兩a⬁ condition for radiation.
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