Article
pubs.acs.org/JPCC
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ABSTRACT: A combined molecular dynamics (MD) and Monte Carlo approach was
used to bridge time scales, enabling calculations of surface recombination rates for
hydrogen on silica. MD was used for temperatures between 10 and 600 K at a high
pressure of 10 atm, yielding recombination coeﬃcients between 0.1 and 1. For the
lower pressures more common in applications, low recombination rates make the
corresponding calculations intractably expensive. A Monte Carlo technique, informed
by the MD simulations, was designed to bridge the essential time scales. Distinct weak
and strong surface binding sites for atomic hydrogen with densities of approximately 10
nm−2 were found using grand canonical Monte Carlo (GCMC) simulations, which, in
turn, were used to obtain Eley−Rideal rate constants based on semiequilibrium theory.
Monte Carlo variational transition state theory (MCVTST) was used to calculate
Langmuir−Hinshelwood and thermal desorption rate constants for hydrogen atoms in
strong and weak adsorption sites. Calculated reaction rates were used in a Langmuir
kinetics model to estimate the recombination coeﬃcient γ for T = 10−2000 K at gasphase radical densities between 1012 and 1016 cm−3, yielding values of γ = 10−4−0.9.

1. INTRODUCTION
1.1. Hydrogen Recombination on Silica. The recombination of hydrogen on surfaces can be a key factor in the
production of molecular hydrogen in the interstellar
medium1−4 and in controlled fusion devices5−7 and for the
storage of hydrogen in low-density carbon nanostructures.8,9
This elementary reaction must be taken into consideration for
many modern engineering applications.
Because it is abundant and relatively inert, silica is a common
surface considered in experimental and theoretical studies on
surface-mediated hydrogen recombination. Recombination of
hydrogen on glass surfaces is thought in some cases to serve as
a source of contamination in vacuum experiments, obscuring
the phenomena being studied and destroying radicals unless
suitable precautions are taken.10−12
Quartz and other silica derivatives are likewise commonly
chosen materials for surfaces intended to be chemically inert.
However, reported reactivities of silica vary widely, with its
surface catalycity reported to be on a par with that of platinum
for high temperatures.13 The lack of a surface chemistry model
for silica prevents a quantitative prediction of the inﬂuence
these materials have on bulk chemistry.14,15 This is particularly
important in combustion applications on the micrometer scale,
where the high surface-to-volume ratio exaggerates the relative
importance of radical quenching at the walls.16,17
1.2. Background: Experiments and Models. Langmuir
ﬁrst observed that hydrogen radicals are strongly bound to glass
surfaces, proposing that these adatoms form a tightly packed
monolayer on the silica surface.18,19 It was later shown that,
although hydrogen is adsorbed, it is not closely packed.20
Subsequent studies suggested two main bound states, one weak
© 2016 American Chemical Society

and one strong, that exist in approximately equal densities.
Although their energies are known to be diﬀerent, their speciﬁc
values have been hard to quantify, with values ranging from 25
to 45 kcal/mol for the strongly bound state and from 1.5 to 4
kcal/mol for the weakly bound state.10,21−25 Although some of
the proposed models for hydrogen−quartz interactions can be
applied to surfaces with micro- and nanometer-scale roughness,
they are unable to account for atomic-scale variations in the
surface. These variations provide pits and crevasses that can
signiﬁcantly increase the strength of H-atom adsorption,
resulting in the measured bond energy being larger than
model predictions by a factor of 4.21
Most of the experimental studies of hydrogen recombination
on silica have been based on the axial decay of the radical
number density in a silica tube. Radicals are generated near the
inlet by a plasma discharge, diﬀusing to the walls and down the
length of the tube. The corresponding models take a uniform
radical number density at the inlet and assume that radicals
recombine at the walls at a constant rate due to recombination.
The estimated recombination rates are sensitive to chosen
boundary conditions for the diﬀusion problem and the
anticipated eﬀect of the invasive method used to measure the
radical number density. Studies of this reaction have made a
number of assumptions in the analysis of experimental data.
Some models have been based on low (θ ≈ 0) or high (θ ≈ 1)
surface coverage, whereas others assert that either Langmuir−
Hinshelwood or Eiley−Rideal recombination dominates the
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production of molecular hydrogen.21,26 Figure 1 summarizes
large disparities in the experimental data and the model

kA

H(g) → H(s)

This process is ﬁrst-order with respect to gas-phase radical
concentration and populates the surface with hydrogen atoms
from the gas phase, enabling surface reactions.
The interatomic potential used in our calculations is
described in section 2.1. The model is used to quantify
hydrogen recombination rates on a realistic but ideally “clean”
amorphous quartz (silica) surface, which is also introduced in
section 2.1. In section 2.2, radical−surface interactions are
simulated at high pressures with molecular dynamics to
measure recombination rates in an extreme high-pressure
regime inaccessible to experiments. A Monte Carlo procedure
to calculate surface reaction rates using atomic-scale methods is
outlined in section 2.3. Section 2.4 addresses the grand
canonical Monte Carlo calculations used to measure the
densities and binding energies for hydrogen adsorption sites on
the silica surface. Reaction rates for Eley−Rideal recombination
are estimated using semiequilibrium theory. Section 2.5 covers
the Monte Carlo variational transition state theory (MCVTST)
calculations used to quantify the rates of the Langmuir−
Hinshelwood and thermal desorption reactions. A multi-timescale Langmuir kinetics model is constructed in section 3.1
using the reaction rates found in the atomic-scale simulations.
Finally, recombination rates predicted by this model are
compared to molecular dynamics simulations and experimental
results in sections 3.1 and 3.2.

Figure 1. Summary of models (solid lines) and measurements (scatter
points) for the recombination coeﬃcient of hydrogen on silica.31

predictions. By representing reactions at the atomic scale, we
intend to circumvent many of the assumptions made in
experimental studies by directly measuring activation energies
and reaction rates.
1.3. Simulation-Integrated Modeling Approach. Molecular dynamics (MD) simulations are attractive for the study
of nanometer- to micrometer-scale dynamics; however, only
short time scales (≲10−9 s) can be directly simulated. As a
result, direct MD simulation is restricted to unrealistically high
partial pressures for radical species so that enough radical−
surface interactions can be observed to converge meaningful
statistics.27,28 More recently, semiclassical dynamics calculations
with quantized lattice vibrations and classically modeled gas
particles have been used to estimate the recombination
coeﬃcient of hydrogen on crystalline quartz.29 However, even
these simulations were fundamentally limited to small time and
length scales as a result of the need to accurately simulate the
time dynamics of the system.
The goal of this study is to develop a method to bridge these
challenging time-scale disparities while retaining the detail
aﬀorded by atomic-scale calculations. For our model, we
consider four types of surface reactions. The ﬁrst is the Eley−
Rideal (ER) recombination mechanism, where a gas-phase
hydrogen atom directly impinges on an adsorbed hydrogen
atom and recombines

2. COMPUTATIONAL METHODS AND RESULTS
2.1. Preliminaries. All molecular dynamics simulations in
this work were performed using LAMMPS.32 The ReaxFF
bond-order potential for Si−O−H systems (ReaxFFSiO33) was
used with the parametrization of Si terms for free surfaces
found in refs 34 and 35. Parameters relevant for H and O
remain unchanged from ref 33.
ReaxFFSiO has been used extensively in studying the
interactions of gases,34 liquids,36 and acids37 with crystalline
and amorphous silica. Depending on the training set used in
parametrization, the potential has been shown to produce
interaction energies and bond lengths that are in agreement
with quantum calculations and experimental results. In general,
ReaxFF reproduces heats of formation to within 2.0 kcal/mol
(0.1 eV), bond lengths to within 0.01 Å, and bond angles to
within 2° of their literature values, and it has been validated by
comparing its predictions with an extensive set of experimental
data and quantum chemistry (density functional theory)
calculations.33,38 The current ReaxFF Si−O−H surface was
constructed using electronic structure data and validated with
experimental data in ref 33, with further reﬁnement for surfaces
in ref 35.
A repeated melt−quench procedure was used to produce the
amorphous surface used in later calculations. An α-quartz slab
consisting of 1575 atoms (5 × 7 × 5 unit cells) was initialized at
a temperature of 300 K. The temperature of the slab was raised
to 4000 K at a rate of 25 K/ps under NVT dynamics using a
Nosé−Hoover thermostat. The silica melt was then cooled
back to 300 K at the same rate. The system temperature was
raised once again to 4000 K using NPT dynamics with a
Berendsen barostat, after which it was cooled to 300 K. The
latter melt−quench procedure was performed at heating and
cooling rates of 25 K/ps at a pressure of 1 atm. This procedure
was found to reliably replicate the structural and chemical

kER

H(g) + H(s) ⎯→
⎯ H 2(g)

This reaction is ﬁrst-order with respect to both gas-phase
radical concentration and surface coverage. At high temperatures, adsorbed atoms become mobile on the surface, enabling
a second mechanism: Langmuir−Hinshelwood (LH) recombination
kLH

H(s) + H(s) ⎯→
⎯ H 2(g)

This reaction is second-order with respect to surface coverage
and occurs when two adsorbed hydrogen atoms meet each
other as a result of diﬀusion on the surface. At even higher
temperatures, adsorbed hydrogen atoms are ejected from the
surface as a result of thermal desorption
kD

H(s) → H(g)

which is ﬁrst-order with respect to surface coverage. Finally, the
adsorption of gas-phase hydrogen radicals on the surface is
considered
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500, and 600 K. As encountered in other high-pressure
molecular dynamics studies, the recombination coeﬃcient
determined in this work is quite high.28 Because of the
extremely high number density of H radicals in the gas phase,
recombination is dominated by the Eley−Rideal mechanism,
which is ﬁrst-order with respect to gas-phase number density.
This recombination mechanism also has a signiﬁcantly lower
activation energy than the LH mechanism and occurs on a
faster time scale. The collected recombination coeﬃcients can
be seen in Figure 3. The error bars on the MD data come from

properties of amorphous silica using the ReaxFF potential in
several past studies.33,39,40
2.2. Molecular Dynamics. 2.2.1. Methods. By directly
simulating recombination with molecular dynamics, it is
possible to measure reaction rates in regimes outside those
commonly explored in experiments, thus providing additional
data for the assessment of a multi-time-scale model. MD
simulations of the sequential impact of H radicals on a silica
surface were performed at several surface temperatures in the
range of 10−600 K. In each case, the gas was assumed to be in
thermal equilibrium with the surface. A schematic of the
simulation cell can be seen in Figure 2. Hydrogen radicals were

Figure 3. Recombination coeﬃcients measured in MD bombardment
simulations (described in section 2.2) and computed using a Langmuir
kinetics model (parametrized using the procedure outlined in section
2.3).

the ﬁnite number of impacts performed at each temperature.
The computed recombination coeﬃcients increase with
temperature until 275 K, at which point they begin to decrease
with increasing temperature. This is due to the thermal
desorption of physisorbed H atoms. As weakly bound H atoms
are removed from the surface, the “weakest link” in the
recombination process is removed, and incoming H radicals
must overcome greater energy barriers to recombine with
chemisorbed hydrogen atoms.
2.3. Monte Carlo Procedure. To calculate reaction rates
relevant to surface-mediated recombination, we had to
overcome the limited time scales of MD simulations. To
account for the relevant surface processes (LH recombination,
ER recombination, and thermal desorption), we used a twostep Monte Carlo procedure:
(1) The grand canonical Monte Carlo (GCMC) method was
used to measure the density of adsorption sites on the
silica surface and the heat of adsorption of H radicals in
each of these sites. From this information, we estimated
an ER reaction rate.
(2) After generating a surface with full hydrogen coverage,
Monte Carlo variational transition state theory
(MCVTST) was used to calculate the reaction rates for
LH recombination and thermal desorption.
2.4. Grand Canonical Monte Carlo Simulations.
2.4.1. Methods. The grand canonical ensemble, in which the
temperature (T), volume (V), and chemical potential (μ) of the
system are ﬁxed, provides the appropriate conditions for
studying adsorption. After the silica surface is exposed to a
reservoir of gas-phase H radicals at a ﬁxed chemical potential,
an equilibrium will be reached where the potential energy of H
atoms adsorbed on the surface and the chemical potential of
radicals in the reservoir are equal, that is

Figure 2. Schematic of the simulation box for MD bombardment
simulations.

generated in random positions on a plane 10 Å above the silica
surface and given velocities sampled from the Maxwell−
Boltzmann distribution. The composition of each molecule
crossing a plane 15 Å above the surface was determined, after
which the molecule was removed from the simulation. At each
temperature, 1500−2000 hydrogen impacts were simulated,
and the recombination coeﬃcient was calculated as the fraction
of H atoms that left the surface as part of a H2 molecule
γH =
2

2NH2,out
2NH2,out + NH,out

(1)

where Ni,out is the number of species i that crossed the deletion
plane over the course of the MD simulation. The time between
each hydrogen−surface impact was
1/2
A ⎛ 2πmH ⎞
τ=
⎜
⎟
nH ⎝ kBT ⎠

(2)

where nH is the number density of hydrogen radicals in the gas
phase, mH is the mass of a hydrogen atom, kB is the Boltzmann
constant, T is the temperature of the gas, and A is the quartz
surface area. Unfortunately, the use of classical molecular
dynamics simulations restricted us to short time scales. To
sample a suﬃcient number of hydrogen impacts in MDaccessible time scales, we resorted to simulating high partial
pressures of the H radical. In these simulations, we chose a gasphase number density of nH = 2.7 × 1020 cm−3 for the H radical,
corresponding to a pressure of approximately 10 atm at 300 K.
2.2.2. Results. For each temperature, the ﬁrst 100−1000
impacts served the sole purpose of populating the surface with
hydrogen atoms. After hydrogen coverage on the surface
reached steady state, subsequent hydrogen impacts were used
to calculate the recombination coeﬃcient. This process was
repeated for Tsurf = Tgas = 10, 20, 50, 100, 200, 275, 350, 400,

μ[H(s)] = μ[H(g)]

The grand canonical Monte Carlo (GCMC) method is
therefore an equilibrium technique for sampling observables
24139
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in the μVT ensemble, for example, the average number of
particles adsorbed on the surface (or, equivalently, the surface
coverage θ) at a prescribed chemical potential μ.
The simulation of adsorption in this ensemble proceeds
through three mechanisms:41−43
(1) Displacement of a particle: A random particle with
position R is selected and given a random displacement δR.
This move is accepted with a probability of

(padd), deletion (pdel), or displacement (pdisp), are listed in
Table 1.
Table 1. Values Used for Various Parameters in GCMC
Simulations of H Adsorption on Silica

P(R → R + δ R) = min(1, exp{− β[U (R + δ R) − U (R)]})

(2) Insertion of a hydrogen atom: A new particle is inserted
at a random position in the volume V. Atom insertion is
accepted with a probability of

parameter

value

|δR|
nH
pdisp
padd
pdel

0.1 Å
1012 cm−3
0.2
0.4
0.4

After a surface with full coverage had been obtained, the heat
of adsorption for each accessible site was calculated as the
diﬀerence in system potential energy after the atom occupying
the site had been displaced to a location 1 nm above the
surface. Increasing this distance had no eﬀect on the calculated
heats of adsorption.
2.4.2. Results. The convergence of the system potential
energy and hydrogen coverage for T = 750 K can be seen in
Figure 4. High-temperature cases with low surface coverage

P(N → N + 1)
⎞
⎛
V
exp{β[μ − U (N + 1) + U (N )]}⎟
= min⎜1, 3
⎠
⎝ Λ (N + 1)

(3) Removal of a hydrogen atom: A random hydrogen atom
in volume V is removed. The deletion is accepted with a
probability of
P(N → N − 1)
⎞
⎛ Λ3N
exp{−β[μ + U (N − 1) − U (N )]}⎟
= min⎜1,
V
⎠
⎝

In the preceding equations, β = 1/kBT and Λ = (h2/2πmkBT)1/2
is the thermal de Broglie wavelength (h is Planck’s constant,
and m is the particle mass). U is the potential energy of the
system, which we calculated using the ReaxFF potential.
Because we are interested in low number densities of H
radicals, the reservoir potential, μ, was calculated with the
Sackur−Tetrode equation for an ideal gas
⎡ 1 ⎛ 2πm k T ⎞3/2 ⎤
H B
⎟ ⎥
μ = −kBT log⎢ ⎜
⎠ ⎥⎦
⎢⎣ nH ⎝
h2

Figure 4. Number of adsorbed H atoms and system potential energy
as a function of GCMC steps for T = 750 K.

typically reach steady state within (1−2) × 106 moves, whereas
low-temperature simulations with high surface coverage
converge at only half that rate.
As can be seen in Figure 5, the density of accessible surface
sites at high temperatures (1000 > T > 70 K) remains relatively

(3)

where nH is the number density of H radicals in the gas phase
and mH is the mass of a hydrogen atom.
Beginning with the uncontaminated silica surface obtained in
section 2.1, one of these three procedures (displacement,
insertion, or removal) was attempted during each GCMC step.
An acceptance rate of 20% for proposed moves was achieved
through a careful choice of the magnitude of atomic
displacement and by biasing moves toward atomic displacement or atomic creation/deletion. The acceptance rate for
addition and deletion of particles is typically low (about 3% at
steady state, compared to 50% for moving a particle). The
relatively rare acceptance of particle deletion/creation does
more to advance the simulation than particle displacement,
however. Deleting a particle in one position and creating
another particle in a diﬀerent position is equivalent to many
successive particle displacements. For this reason, proposed
moves in the GCMC process were biased toward particle
creation and deletion. Steps were repeated until the surface
coverage and system potential energy reached steady state.
A reﬂecting barrier for silicon and oxygen atoms was placed 1
Å above the surface to prevent removal of these atoms from the
silica. To prevent the formation of gas-phase H2, any proposed
move that resulted in a chemical bond between H atoms was
rejected. Other parameters used in these simulations, including
the probability of a proposed move being a particle addition

Figure 5. Density of adsorbed H atoms as a function of temperature
from GCMC results. Surface coverage predicted by surface chemistry
models found in refs 26 and 30 are shown for comparison.

constant at 9.3 nm−2, resulting in a surface similar to the one
seen in Figure 6. Hydrogen adatoms are tightly bound to the
surface, sitting in atomic-scale pits and forming bonds with
previously undercoordinated surface atoms. These surface
defects, primarily undercoordinated silicon and nonbridging
oxygen atoms, play a critical role in heterogeneous recombi24140
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±1 adsorption site is assumed, which translates into an error in
surface site density of ±0.15 nm−2.
Because of the double-plateau behavior seen in Figure 5, we
adopted the “strong” and “weak” surface coverage model used
in previous studies. Strong surface coverage, θS, corresponds to
hydrogen atoms occupying chemisorption sites, whereas weak
surface coverage, θW, refers to hydrogen radicals occupying
physisorption sites on the surface.
2.4.3. Eley−Rideal Rate Constant. The GCMC calculations
provide atomic-level information about active sites and surface
coverage, particularly total number of occupied active sites and
their respective heats of adsorption. According to semiequilibrium theory, the probability of a gas-phase radical
recombining with an atom in adsorption site j is equal to the
probability of the gas atom directly impinging on the occupied
active site multiplied by the probability of the gas atom having
enough kinetic energy to overcome the reaction barrier

Figure 6. Cross section of a silica surface with fully occupied strong
adsorption sites (θS = 1).

nation. In addition to serving as adsorption sites, they lower the
barrier of reactions, catalyzing recombination on the silica
surface. The eﬀect of individual silica defects on oxygen
recombination has been explored in detail using electronic
structure calculations.44 Although the eﬀects of speciﬁc defects
were not explored here, defects are expected to contribute
similarly to hydrogen recombination.
The distribution of heats of adsorption for these strong
surface sites can be seen in Figure 7. The peak centered at 40

γj = 2gNjσ0j exp( −Ea, j /kBT )

(4)

where g is a statistical factor to account for electronic
degeneracies and is equal to 0.25 for H2.26 Nj is the density
of sites of type j per unit area, σ0j is the collisional cross section
of an active site of type j, and Ea,j is the activation energy of ER
recombination for an active site of type j. If we treat each
adsorption site on the surface as unique, the ER recombination
coeﬃcient for full surface coverage can be calculated as a sum
over all active sites found in our GCMC calculations
nsites

γER = A−1 ∑ 2gσ0j exp( −βEa, j)
j=1

Figure 7. Distribution of heats of adsorption for strong adsorption
sites from grand canonical Monte Carlo simulations.

RER = kAγER

(5)
(6)

where A is the area of the silica surface in our GCMC
simulations and kA is the rate at which gas-phase hydrogen
radicals impinge on the silica surface. The collisional cross
section of an adsorbed hydrogen atom is approximated as a
circle with a radius equal to the H2 bond length (0.741 Å), or

kcal/mol mostly consists of hydrogen atoms in silanol (Si−O−
H) groups on the surface, whereas higher heats of adsorption
correspond to Si−H bonds and adsorption sites in pits on the
surface. The density of chemisorption sites on the surface is
similar to the measured values of 10−13.5 nm−2.45,46 The
density of hydroxyl groups on the surface, deﬁned as hydrogen
atoms with a bond order of 0.9 or greater with a surface oxygen
atom, is 4.2 nm−2. This value is in agreement with the density
measured by Zhuravlev (4.5 nm−2).47
After the temperature is reduced below 70 K, the chemical
potential of the H reservoir increases to the point that
physisorption sites become accessible to gas-phase radicals. The
number of adsorbed hydrogen atoms approximately doubles,
and the surface depicted in Figure 8 is obtained. GCMC
calculations predict a physisorption site density of 10.5 nm−2.
Because of the ﬁnite size of the simulated surface, an error of

σ0j = πrH2 2 = 1.72 × 10−16 cm 2

and the activation energy of the ER reaction is estimated using
the Hirschfelder relation for heterogeneous recombination, Ea,j
= 0.055Qa,j, where Qa,j is the heat of adsorption of a hydrogen
atom in site j.
2.5. Monte Carlo Variational Transition State Theory.
Transition state theory (TST) estimates reaction rates of
elementary chemical reactions by assuming a state of
quasiequilibrium between reactants and activated transition
state complexes. In using Monte Carlo variational transition
state theory (MCVTST), one integrates over the contribution
of each active site to ﬁnd the total reaction rates for the
chemically active surface, in this case obtaining Langmuir−
Hinshelwood and thermal desorption rates for hydrogen atoms
on the silica surface.
In the past, this method has been used to calculate rate
coeﬃcients for various reactions such as the recombination and
desorption rates of H atoms on a pristine Si surface,48,49 selfdiﬀusion on metal surfaces,50 and dissociation of complex
molecules.51
Using transition state theory, we calculated reaction rates for
Langmuir−Hinshelwood recombination and thermal desorp-

Figure 8. Cross section of a silica surface with fully occupied strong
and weak adsorption sites (θS = θW = 1).
24141
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P 0 = exp[−β(Ug − s + Ug − g)]

tion. Figure 9 shows a reaction diagram showing relevant
“transition states” for the LH recombination of hydrogen.

(11)

where Ug−s is the potential energy due to gas−surface
interactions and Ug−g is the potential energy of bonds between
gas atoms, we restrict states with high kinetic energies or
excessive deviations of lattice atoms from their equilibrium
positions. The reaction rates are calculated as
N

kD =

∑i = 1 δ H(R p − R s)i |Vs|i Pi0
N

2 ∑i = 1 Pi0

(12)

N

kLH =

Figure 9. Reaction diagram for Langmuir−Hinshelwood recombination. States include (1) a pair of adsorbed hydrogen atoms, (3) a
physisorbed hydrogen molecule, and (5) a desorbed hydrogen
molecule. States 2 and 4 are transition states between these
equilibrium conﬁgurations.

∑i = 1 δ H2(R p − R s)i |Vs|i Pi0
N

ns ∑i = 1 Pi0

(13)

With this choice, a proposed system state is accepted with a
probability of
′ − Hnew
′ )]
Paccept = exp[β(Hold

2.5.1. Methods. Given a surface with two adsorbed hydrogen
atoms, the TST rate coeﬃcient for the recombination/
desorption of H2 is calculated in terms of the ﬂux across a
dividing surface S. This ﬂux is found by integrating over the
momentum (P) and position (R) space of atoms in the system

∫ dP ∫ dRδ H2(R p − R s)|Vs| exp(−βH )
kLH =
ns ∫ dP ∫ dR exp( −βH )

where
Ns

H′ =

(7)

N
i=1

(8)

The Dirac function is modeled by a narrow Gaussian of the
form
1
exp[− (zcm − zs)2 /2ω 2]
δ H2(R p − R s) =
(9)
2π ω
where zcm is the center-of-mass height of a H2 molecule above
the surface and zs is the height of the dividing plane above the
surface. ω is assigned a value of 0.275 Å for our calculations and
Vs = żcm.
Similarly, the rate of thermal desorption of hydrogen atoms
from the surface can be calculated as
kd =

0.5 ∫ dP ∫ dR δ H(R p − R s)|Vs| exp( −βH )

∫ dP ∫ dR exp(−βH )

= lim [(2N )
N →∞

∑ δH(R p − R s)i |Vs|i ]
i=1

Ng

∑
j

1
Pj ·Pj + Us − s
2mj

(15)

dx = δx(ξ1i + ξ2 j + ξ3k)

N
−1

1
Pi ·Pi +
2mi

Us−s denotes the potential energy from bonds between surface
atoms, Ns is the number of atoms in the silica surface, and Ng is
the number of gas atoms.54 In each proposed move, selected
surface atoms and gas atoms have their positions and velocities
varied by random vectors dx and dv, respectively. The
acceptance rate of moves can be modiﬁed by varying the
fraction of atoms subject to these displacements during each
step and by changing the magnitudes of dx and dv. After
enough states have been sampled, the sum for kLH converges.
To quantify LH recombination for strongly bound H atoms,
we prepared a silica surface with an exposed area of 3.5 nm2 by
the melt−quench procedure outlined in section 2.1 and
populated it with two hydrogen adatoms (the “gas” atoms).
For reactions of weakly bound hydrogen atoms, we prepared
the same silica surface and occupied it with H atoms by
performing a GCMC simulation with T = 750 K and nH = 1 ×
1012 cm−3 until the number of adsorbed H atoms and the
system potential energy reached steady state. After all of the
chemisorption sites had been occupied, two additional
hydrogen atoms were added above the fully covered silica
surface. In the latter case, chemisorbed hydrogen atoms were
considered to be “surface” atoms, whereas the two physisorbed
hydrogen atoms were considered to be gas atoms.
In each case, the dividing plane was located 9 Å above the
surface. For every proposed step in the Markov chain, the two
gas-phase hydrogen atoms and two surface atoms were selected
to have their positions and velocities modiﬁed. Each selected
atom was displaced by the vector

where Vs is the velocity normal to the surface S, β = (kBT) , ns
is the density of adsorption sites on the surface, and δ(Rp − Rs)
is the Dirac delta function with Rs denoting the location of the
dividing surface and Rp denoting the location of the reaction
product. The canonical ensemble average can be evaluated
using Monte Carlo sampling, meaning that the integrals in eq 7
can be replaced by the following sum over N states52,53

N →∞

∑
i

−1

kLH = lim [(Nns)−1 ∑ δ H2(R p − R s)i |Vs|i ]

(14)

and had its velocity changed by the amount

(10)

dv = δv(ξ4 i + ξ5 j + ξ6 k)

Here, the delta function of position, δH(Rp − Rs), and the
velocity normal to the dividing surface, |Vs|, use the position
and velocity of the H radical nearest the dividing surface.
The convergence of the Monte Carlo sum can be accelerated
with importance sampling. With an “expected distribution”
function of

where ξi represents random numbers from a uniform
distribution U(−1,1). In our simulations, the magnitudes of
these vectors were chosen to be
δx = 0.05 Å
24142
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where vrms is the root-mean-square velocity of an atom of mass
m at temperature T
⎛ 3k T ⎞1/2
vrms = ⎜ B ⎟
⎝ m ⎠

A reﬂecting barrier for gas particles was placed at a depth of 1.5
Å beneath the surface to prevent penetration of H and H2 into
the bulk material. Surface atoms at depths greater than 2.5 Å
did not have their positions and velocities altered. For H2
desorption, zH2 and żH2 were taken to be the center-of-mass Z
position and velocity, respectively, of the gas-phase H2
molecule. For recombination/desorption on a clean silica
surface, rate coeﬃcients were calculated for temperatures
between 100 and 2000 K. For a surface with fully occupied
strong surface sites, these reaction rates were calculated
between 10 and 250 K.
2.5.2. Results. The rates of H2 and H desorption for full
surface coverage, deﬁned as
RLH = ns 2kLH

Figure 12. Calculated Langmuir−Hinshelwood and thermal desorption reaction rates for weakly bound hydrogen coverage.

appears to be the dominant process at high temperatures. At
this extreme, mobile hydrogen adatoms are capable of
overcoming the barrier for desorption without needing to
ﬁrst ﬁnd another mobile hydrogen atom (a rate-limiting step
for LH recombination).
2.5.3. Kinetic Rate Model. By performing a least-squares ﬁt
of the Arrhenius equation

RD = nskD

R(C , Ea , T ) = C e−Ea / kBT

are presented in Figures 10−12. For MCVTST calculations,
(1−4) × 107 moves were performed in each Markov random

[1/(cm 2 s)]

(16)

to the calculated Langmuir−Hinshelwood and thermal
desorption rate constants and accounting for the uncertainty
in each measurement, we found the eﬀective activation energies
Ea and pre-exponential factors C for these processes. The
likelihood of Ea and C for each reaction is deﬁned as
Nk

P(Ea , C|{RTST , σ }) =

∏ P[Ea , C|RTST(Ti), σi]
i=1

Nk

=

∏
i=1

Figure 10. Convergence of the Langmuir−Hinshelwood rate constant
over a surface with full hydrogen coverage at T = 250 K.

1
2πσi 2

⎧ [R (T ) − R(C , E , T )]2 ⎫
a
i
⎬
exp⎨− TST i
2σi 2
⎩
⎭
(17)

where Nk is the number of reaction rates calculated using
transition state theory, RTST(Ti) is the TST reaction rate
calculated at temperature Ti, and σi is the uncertainty in the
corresponding TST reaction rate. The likelihood distributions
of these parameters for Langmuir−Hinshelwood recombination
and thermal desorption in strong surface sites can be seen in

walk. The convergence of the LH rate constant in one such
random walk is shown in Figure 10. To estimate an uncertainty
in each obtained rate coeﬃcient, the standard deviation of kLH
during the last 8 × 106 moves was measured. In each case, the
magnitude of the uncertainty was approximately 10% of the
calculated rate constant. The distribution of TST reaction rates
can be seen in Figures 11 and 12 for hydrogen atoms in strong
and weak adsorption sites, respectively. In each case, the rate
constants follow a linear trend in the Arrhenius plot. The slope
of the atomic desorption rate constants is greater than that of
the molecular desorption rate constants, indicating a higher
activation energy for the thermal desorption of hydrogen
atoms. Despite the higher activation energy, atomic desorption

Figure 13. Likelihood of activation energy (Ea) and pre-exponential
factor (C) for LH recombination in strong surface sites. The maximum
likelihood point is marked by a red dot.

Figures 13 and 14, respectively. The maximum likelihood
points and the errors we obtained from the least-squares ﬁts are
Ea = 21.96 ± 0.1 kcal/mol
Figure 11. Calculated Langmuir−Hinshelwood and thermal desorption reaction rates for strongly bound hydrogen coverage.

C = (1.28 ± 0.2) × 1026 1/(cm 2 s)
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Figure 14. Likelihood of activation energy (Ea) and pre-exponential
factor (C) for thermal desorption in strong surface sites. The
maximum likelihood point is marked by a red dot.

Figure 15. Comparison of the recombination coeﬃcient calculated
with Monte Carlo results to Langmuir kinetics models from the
literature.

for LH recombination of hydrogen in the strongly bound state
and

calculated steady-state coverage of these sites by ﬁnding the
fractional coverage that satisﬁed a simple Langmuir kinetics
model. Steady-state coverage for sites of type i is deﬁned as the
fractional coverage θi that satisﬁes the equation

Ea = 46.06 ± 0.2 kcal/mol
C = (4.6 ± 2) × 1028 1/(cm 2 s)

for thermal desorption of hydrogen in the strongly bound state.
For hydrogen in weak surface sites, we found

(1 − θi)kA = 2θi 2RLH, i +



Ea = 1.22 ± 0.02 kcal/mol

adsorption rate

C = (3.4 ± 0.6) × 1026 1/(cm 2 s)

2

C = (2.5 ± 0.5) × 10 1/(cm s)

for thermal desorption.
The activation energies here compare well to values
estimated in other studies (see Table 2). The activation

γ=

activation energy (kcal/mol)
reaction

Wood/Wise
22.5
45
0.75
1.5

⏟

thermal desorption

(18)

Gelb/Kim
−
42
−
2.1

26

(19)

Once we had found the steady-state coverage for the
temperature and gas-phase radical density of interest, we
calculated a recombination coeﬃcient based on the ratio of the
reactive ﬂux to the incident ﬂux of radicals

Table 2. Activation Energies for Reactions of Strongly
Bound (S) and Weakly Bound (W) Hydrogen on Silica
Predicted by Various Surface Chemistry Models

LH recombination (S)
atomic desorption (S)
LH recombination (W)
atomic desorption (W)

θiR d, i

⎛ k T ⎞1/2
kA = nH⎜ B ⎟
⎝ 2πmH ⎠

Ea = 2.18 ± 0.02 kcal/mol

30

ER desorption

+

where ka is the rate at which H radicals impinge on the surface
assuming a sticking coeﬃcient of unity, given by

for LH recombination and
27

LH desorption

θiRER, i




=

this work
21.96
46.06
1.22
2.18

2ΓH2,out
ΓH,in
2(θS2RLH,S + θSRER,S + θW 2RLH,W + θWRER,W )
kA
(20)

where the subscripts S and W denote the reaction rates and
coverages of strong and weak surface sites, respectively.
A comparison between molecular dynamics results and a
Langmuir kinetics model paramterized using our Monte Carlo
procedure can be seen in Figure 3. In this high-pressure
extreme, the model is able to reproduce the behavior seen in
MD simulations, although the molecular dynamics data
generally fall above model predictions. This may be the result
of multilayer coverage of physisorbed hydrogen atoms,
particularly in the low-temperature limit. Any additional
atoms sticking to the surface would increase the eﬀective
number of surface sites for recombination and be even more
weakly bound than atoms in the ﬁrst physisorbed layer.
3.2. Comparison to Other Models. Few detailed studies
of the behavior of H recombination on silica exist in the
literature, and the recombination coeﬃcients predicted by the
available models vary greatly. Although the recombination
coeﬃcient estimated by our model shows the same temperature
dependence as those predicted by the models of Wood and
Wise30 and Gelb and Kim,26 it is signiﬁcantly higher than the
values proposed by Kim and Boudart21 at high temperatures. As

energies calculated for reactions in strong surface sites are
closest to those of Wood and Wise,30 whereas values for
reactions in weak sites show better agreement with energies
predicted by Gelb and Kim.26 However, it should be noted that
the latter model does not account for Langmuir−Hinshelwood
recombination. Because the activation energy for thermal
desorption of the weakly bound state is higher than that
predicted by Wood and Wise,30 hydrogen atoms linger in weak
surface sites at higher temperatures. Recombination of weakly
bound hydrogen remaining on the surface leads to higher
recombination coeﬃcients in the low-temperature regime, as
can be seen in Figure 15.

3. DISCUSSION
3.1. Langmuir Kinetics Model. After calculating Eley−
Rideal, Langmuir−Hinshelwood, and thermal desorption rates
for hydrogen atoms in strong and weak binding sites, we
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can be seen in Figure 15 for nH = 1012 cm−3, the Langmuir
kinetics model parametrized with Monte Carlo simulations
displays the complex, non-Arrhenius behavior found in previous
experimental studies. This model predicts a maximum of the
recombination coeﬃcient between 500 and 2000 K due to
Langmuir−Hinshelwood recombination and reliably produces a
recombination coeﬃcient within an order of magnitude of that
predicted by the model of Wood and Wise.30
Several experimental studies have also estimated the
recombination coeﬃcient at 300 K using a variety of
techniques, including the planar laser-induced ﬂuorescence
(PLIF) and laser-induced ﬂuorescence (LIF) methods. The
recombination coeﬃcient at a gas-phase number density of 1016
cm−3 and 300 K also agrees with the results of these
experiments (see Table 3). As this Monte Carlo procedure

The Eley−Rideal, Langmuir−Hinshelwood, and thermal
desorption mechanisms were considered as part of the
Langmuir kinetics model for hydrogen recombination. Values
of rate constants in this model were found using grand
canonical Monte Carlo and Monte Carlo variational transition
state theory calculations. GCMC simulations provided the
densities and strengths of adsorption sites on the silica surface.
Strong and weak binding sites for hydrogen on a silica surface
are found, with densities of 9.3 and 10.5 nm−2, respectively.
Using semiequilibrium theory with the heat of adsorption for
hydrogen atoms, an Eley−Rideal rate constant was calculated.
The rates of the Langmuir−Hinshelwood and thermal
desorption reactions were quantiﬁed using MCVTST calculations. The collected reaction rates were found to follow an
Arrhenius trend. Activation energies and pre-exponential
factors were estimated using a least-squares ﬁt, and the
activation energy for desorption was found to be approximately
twice that for Langmuir−Hinshelwood recombination,
although the greater pre-exponential factor for desorption
indicates that it dominates at high temperatures. The activation
energies for recombination and desorption agree with existing
models, particularly those predicted by Gelb and Kim.26
The Langmuir kinetics model with TST reaction rates was
found to be capable of reproducing the non-Arrhenius behavior
of the recombination coeﬃcient seen in both the high-pressure
molecular dynamics simulations and low-pressure experiments.
The estimated recombination rates were signiﬁcantly higher
than those obtained by the Kim and Boudart21 model, whereas
quantitative agreement was achieved with the more reactive
surface model of Wood and Wise.30 The predicted recombination coeﬃcient was greater than those obtained using
experimentally calibrated models at low temperatures, possibly
as a result of surface poisoning due to adsorbed molecules.
The Arrhenius parameters found in this work are intended
for use in a surface chemistry model for continuum-scale
combustion simulations to account for radical quenching near
walls. The combined eﬀects of heat generation and radical
destruction due to surface reactions have been shown to
inﬂuence ﬂame ignition and extinction; quantifying these
reaction rates is important for the predictive simulation and
design of combustion devices, particularly those with high
surface-to-volume ratios.
Finally, we note that the methods used here are not restricted
to the study of hydrogen on silica. A similar Monte Carlo
procedure can be used to calculate recombination rates on any
surface where the Eley−Rideal and Langmuir−Hinshelwood
mechanisms are prevalent.

Table 3. Experimental Estimates of the Recombination
Coeﬃcient for H on Silica at Tsurf = 300 K
source
ref 58
ref 59
ref 60
this work
a

γ(300 K)
−3

2.22 × 10
>10−3
1.8 × 10−5
1.9 × 10−3

nH (cm−3)
1016
1012 a
1016 a
1016

nH estimated based on pressure and a dissociation degree of 0.1.

does not take into account the “poisoning” of surface reactions
due to adsorbed molecular species blocking active sites on the
surface, the calculated recombination coeﬃcient represents an
upper bound. Recombination in physisorption sites is
particularly susceptible to poisoning, one possible explanation
for this model’s overprediction of γ at low temperatures when
compared to models that have been calibrated with
experimental data. Because of the high heat of physisorption
of water on quartz (10−20 kcal/mol55,56), H2O is a powerful
inhibitor of the surface reactions investigated here. In
experiments described in ref 57, the addition of water vapor
to hydrogen plasma increased the gas-phase concentration of
atomic hydrogen by a factor of 90, as a result of suppressed
recombination on the quartz walls of the reaction vessel.
The roughness of the quartz surface should also be
considered in comparisons with models calibrated with
experimental data. As investigated by Kim and Boudart21 with
silica powder on quartz surfaces, recombination rates increase
linearly with microscale surface roughness.21 Even atomic-scale
surface roughness can increase the density of defects and
adsorption sites, thereby increasing reaction rates.

■

4. CONCLUSIONS
The recombination rates of hydrogen have been evaluated on
clean surfaces using atomic-scale calculations to quantify
reaction rates and build a multi-time-scale Langmuir kinetics
model for hydrogen recombination.
Molecular dynamics simulations were used to measure
recombination coeﬃcients in a high-pressure regime inaccessible to experiments, providing additional data against which to
compare model predictions. MD simulations were carried out
for temperatures between 10 and 600 K at a gas-phase radical
number density of 2.7 × 1020 cm−3. The recombination
coeﬃcient was high under these conditions, never dropping far
below 0.1 for the simulated temperatures and reaching a
maximum at about 275 K.
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