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Thermal capillary waves relaxing on atomically thin liquid films
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Atomistic simulations are used to investigate the relaxation dynamics of thermal capillary waves on
thin flat liquid films. Short Lennard-Jones polymers 共n = 2, 4, and 8兲 model the liquid in films of
thickness 6 to 96, where  is the Lennard-Jones atomic length-scale parameter. Assuming no-slip
boundary conditions on the solid wall and constant surface tension and viscosity, the standard
continuum model predicts that capillary waves decay with rates  that scale with wavenumber q as
 ⬃ q4 for long wavelengths and  ⬃ q for short wavelengths. The atomistic simulations do indeed
show these scalings for ranges of q, and, of course, this model must fail for large q as wavelengths
approach atomic scales. However, before a complete breakdown of the continuum description, an
unexpected intermediate regime is found. Here the decay rates follow an apparent  ⬃ q2 power law.
The behavior in this range collapses for all the cases simulated when q is scaled with the radius of
gyration of the polymers, indicating that a molecular-scale effect underlies the relaxation mechanics
of these short waves. © 2010 American Institute of Physics. 关doi:10.1063/1.3326077兴
I. INTRODUCTION

Thin liquid films 共⬍100 nm兲 and their dynamics are
important in applications such as micron-scale mechanicalelectrical systems, cooling devices, biomedical tools,1,2
microelectronics,3 and photonics.4 Under ordinary conditions
the motion of the fluid at such scales is, of course, Stokesian,
governed by a balance between viscous stresses and pressure
gradients, which are generated by external stresses or body
forces. However, as films approach molecular scales, the motion of the fluid can also be affected by the fluctuations arising from the thermal energy of the fluid as well as the granular nature of its molecular structure. The interplay between
this stress and the Laplace pressure due to surface tension is
manifested in dynamic perturbations of a liquid-vapor interface about its equilibrium profile.
There are several cases in which these thermal fluctuations have been shown to play a significant role in smallscale flow dynamics, and they therefore need to be included
into models to accurately predict the overall flow behavior.
For example, Moseler and Landman5 demonstrated that a
stochastic force must be included in the governing equations
in order to qualitatively match the breakup dynamics of a
simulated molecular nanometer-scale jet. The neck formed in
the breakup of these jets displays a power law that was
shown by Eggers6 to be characteristic of thermal fluctuations
coupled to the hydrodynamics. There is also laboratory evidence for such a coupling. In a series of experiments using a
colloid polymer, Aarts et al.7 suggested that thermal fluctuations play a key role in the coalescence of droplets. Similarly,
Hennequin et al.8 were able to demonstrate that the dynamics
of droplet rupture, including the resulting droplet size distria兲
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bution, is affected by the amplitude of thermal fluctuations
on the interface. The necking dynamics of these ruptures also
conform to the predictions of Eggers.6
There are also theoretical predictions of changes in thin
film dynamics due to thermal fluctuations. Davidovitch et
al.9 suggest that thermal fluctuations can accelerate the
spreading of a fluid drop on a surface and predict a t1/4
spreading that is faster than the predicted Tanner’s law
spreading power law of t1/7. This increase in spreading rate
has also been recently reported in molecular simulations of
spreading.10 Studying a similar system, Grün et al.11 show
that numerical solutions of a stochastic differential equation,
which models thermal fluctuations as internally applied
stresses, suggest a decrease in the rupture time of unstable
thin liquid films by almost an order of magnitude.
Despite the evidence that thermal fluctuations are a necessary component of several nanometer-scale flow phenomena, and that some qualitative features can be reproduced by
stochastically augmented continuum models, there exist no
direct comparisons that assess the degree to which these
equations quantitatively model nanometer-scale fluid flow.
This depends upon the scale at which the atomic granularity
manifests itself.
Many efforts to assess this have focused on the amplitude and decay rate of thermal capillary waves on thin stable
liquid films.12–19 The dynamics of these waves, as compared
with the dynamics in droplet rupture11 or spreading,9 have
simple hydrodynamic solutions, which facilitate comparisons
to models. However, thermal capillary waves are challenging
to study experimentally, especially in simple fluids, because
of their extremely fast time scales 共⬃10−11 s兲 and short
length scales 共⬃10−10 m兲. X-ray spectroscopy is being used
in current experimental efforts12–14,16,19 to resolve the small
length scales while complex fluids, such as colloid-polymer
systems and thin polystyrene films, are being used to slow
down the time scales and increase the length scales of the
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thermal waves. Colloid-polymer systems can have surface
tensions 106 times smaller than simple fluids,7,8 which increase the amplitude of the capillary waves. These conditions
make colloid polymers useful for phenomenological studies,7
but it also introduces a fundamental limitation when comparing with theory. Because the film thickness cannot be precisely controlled and fluid properties are complex and undocumented, direct comparisons to continuum models are
impossible. Polystyrene films also suffer from similar limitations. Although polystyrene is attractive because of its slow
time scales, and unlike colloid polymers particular thicknesses are easy to manufacture, these films exhibit a complex
behavior near solid-liquid and liquid-vapor interfaces. The
viscoelastic properties of these fluids affect amplitude
statistics,12,13 in cases yielding multiple exponential decay
rates for individual wavenumbers.17 The dynamics may also
be altered by absorption of polymer chains onto the solid
substrate19 or changes in the effective viscosity near the
surface,12,20 which also makes it difficult to separate complex
material behavior from the general behavior of capillary
waves on thin films.
There has been some success in comparing particularly
short-chain polystyrene films with Newtonian fluids in thin
films.21 However, the radius of gyration of even these shorter
molecules is still an appreciable fraction of the film thickness, which has been shown to have non-Newtonian
features.12,13,19,20 This apparent contradictory evidence highlights the challenge of making conclusive inferences on thinfilm behavior from polystyrene films alone.
In the present study, we use idealized but realistic atomistic simulations to provide simple-fluid data for directly assessing the breakdown of the continuum description for the
decay of thermal capillary waves. Results are compared with
the solutions of the viscous flow equations for the relaxation
of thermal capillary waves, e.g., Henle et al.17 The viscous
flow predictions are summarized in Sec. II. This is followed
by a section describing our model system including the numerical methods used to simulate it. Results are presented in
Sec. IV and further discussed in Sec. V.

y
Fluid
d

Our system is designed so that the thermal capillary
waves perturb the stable thickness of the liquid film, as
shown schematically in Fig. 1. For convenience the system is
assumed to be periodic in both the x and z directions with
periods of L and W, respectively. The fluid is assumed to
have constant surface tension ␥ and viscosity . Its local
thickness is y = h共x , z , t兲. Neglecting any gas-phase dynamics
and assuming a small free-surface slope, the Laplace pressure on the liquid side of the interface simplifies to
2
h共x,z,t兲,
p共x,z,t兲 = − ␥ⵜ2D
2
ⵜ2D

共1兲

is the two-dimensional Laplacian in x and z. The
where
surface energy fluctuations associated with the thermal deformation of the free surface should satisfy

h(x, z, t)

W

z
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L

FIG. 1. 共Color online兲 Domain schematic.

具E典 = 21 kBT

共2兲

for each degree of freedom, where kB is the Boltzmann constant and T is the temperature of the fluid. The energy of a
perturbation is modeled as the change in interface surface
area due to that perturbation multiplied by the surface tension ␥,

冓冕冕
L

具E典 =

W
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冔
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The film thickness is decomposed into Fourier modes as
h共r,t兲 = 兺 hq共t兲exp共iq · r兲,

共4兲

q

where r is a position vector in the x-z plane and q is the
corresponding two-dimensional wavenumber. The sum is
over all q such that
q=

冉

2nx 2nz
,
L
W

冊

共5兲

with nx and nz integers. Thus, from Eqs. 共2兲–共4兲 the mean
squared amplitude of each Fourier coefficient hq共t兲 must satisfy
具hq2 典 =

II. THEORETICAL PRELIMINARIES

x

k BT
,
␥LW兩q2兩

共6兲

so long as ␥ is constant and interface deformations are small.
Although there exist both theoretical results22 as well as experimental evidence23,24 that suggest that this model of surface deformation energy fails at scales matching the scales of
molecules, such length scales are smaller than the length
scales where we observe deviation from the expected relaxation behavior.
A full derivation of capillary wave dynamics can be
found in Henle et al.,17 but we will highlight the key assumptions of the model used in our analysis. The flow is assumed
to be incompressible 共ⵜ · v = 0兲 and governed by the Stokes
equation

ⵜ2v = ⵜP,

共7兲

where v is the velocity and P is the pressure. This zeroReynolds-number approximation will be supported for all
perturbations considered in Sec. V. The usual no-slip, no-
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penetration conditions at the wall are assumed,
共8兲

v共y = 0兲 = 0,

along with a zero-shear-stress condition at the free surface
t ·  · n = 0,

共9兲

where t and n are the interface tangent and normal vectors.
ij is the Newtonian-fluid stress tensor

ij = 

冉

冊

 vi  v j
+
+ ␦ij P.
 x j  xi

共10兲

By assuming a small surface perturbation relative to the principal length scale of the flow 共hq Ⰶ d within the longwavelength lubrication regime and hq Ⰶ 1 / q in the thick-film
regime兲, the leading order form of Eq. 共9兲 is

12共y = d兲 = 0.

共11兲

The normal stress condition at the interface is supplied from
the Laplace pressure
n ·  · n = ␥ ,

共12兲

with  as the local curvature. This condition, along with Eq.
共4兲, linearizes to

22共y = d兲 = ␥q2hq共兲.

共13兲

These assumptions 共8兲–共13兲, along with a linearization of the
kinematic free-surface condition, yield a prediction for the
time correlation behavior of thermally excited surface
modes, namely,17
具hq共t兲hq共0兲典 = 具h2q典exp关− 共q兲t兴,

共14兲

where the relaxation rate is

共q兲 =

␥q2
,
B共q兲

共15兲

with
B共q兲 = 4q

cosh2共qd兲 + q2d2
.
sinh共2qd兲 − 2qd

共16兲

There are two obvious asymptotic limits of this expression,

共q兲 =

冦

␥d3 4
q , qd Ⰶ 1
3
␥
q, qd Ⰷ 1.
2

冧

共17兲

Clearly, 共q兲 ⬃ q4 corresponds to the long-wavelength lubrication regime while 共q兲 ⬃ q corresponds to thick films.
These are expected to fail as d or disturbances wavelengths
2 / q approach molecular dimensions. The nature of these
failures is investigated with atomistic simulations.

III. ATOMISTIC SIMULATION OF MODEL FLUID FILMS

The atomic interactions in the fluid are modeled with the
Lennard-Jones pair potential, which includes a simple 1 / r6
dispersion 共van der Waals兲 attraction and an empirical 1 / r12
repulsion,

uLJ共r兲 =

冦

4

冋

册

6 12
−
, r ⱕ rc
r6 r12
0,
r ⬎ rc ,

冧

共18兲

where  is the interaction energy, r is the distance between
the two atoms, and  is the interaction length scale 共zero
force is at r = 21/6兲. The simulations employ a cutoff radius
rc = 2.5. Most physical properties are insensitive to this rc,
but it does decrease the effective surface tension by about a
factor of 2.25 The Lennard-Jones atoms are joined into polymers using the finite extensible nonlinear elastic potential26,27

冦

冋 册

1
r2
− kR2o log 1 − 2
2
Ro
uf共r兲 =
⬁

for r ⬍ Ro
for r ⱖ Ro ,

冧

共19兲

where k is a spring strength and Ro is a bond-length parameter. Taking k = 30⑀ / 2 and Ro = 1.5 has been shown to provide realistic packing without imposing any significant new
restriction on the numerical time step.26 In our initial set of
simulations, with two-atom molecules making up the fluid,
we simulated five films thicknesses: 6, 12, 24, 48, and
96. If Lennard-Jones parameters for argon were specified,
this would correspond to films ranging from 2 to 32 nm
thick. Each simulation domain had a length of L = 590 and
a width of W = 8. Results from a 50 ⫻ 50 simulation
were used to confirm that our results are independent of the
simulation domain size 共e.g., see Fig. 9兲. The quasi-onedimensional 590 ⫻ 8 domain used provides lower wavenumber behaviors with little additional computational cost.
The solid substrate is composed of four layers of
Lennard-Jones atoms frozen into a face-centered-cubic lattice. The masses and interaction energies of the substrate
atoms were ten times that of the fluid to ensure that the wall
remained solid. In order to model the stiffness of an extensive solid, the very bottom layer of substrate atoms was held
fixed. The velocity-Verlet algorithm was used to advance the
equations of motion in time. This method has good but imperfect energy conservation properties, so a weak stochastic
Andersen28 thermostat was applied to the substrate atoms to
maintain a constant temperature through the course of the
simulation. This thermostat randomly reassigns velocities of
substrate atoms, choosing the new velocity from a Boltzmann distribution, with a probability of reassignment of p
= 0.005 each time step. By applying this thermostat just to
the substrate, it is not expected to have any effect upon the
thermal capillary waves of interest because the surface is not
directly influenced by the thermostat.
Fluid parameters were determined independently using
established methods29 with small-scale auxiliary simulations.
Viscosity was computed using the Green–Kubo
formulation.29 Similarly, the surface tension was computed in
a suspended film configuration25 with two free fluid-vapor
interfaces.
Analyzing the statistics and dynamics of the thermal
capillary waves in the atomistic system requires a definition
of the interface location based on the atom positions. We
base our definition on the density fields constructed by averaging atomic positions every time step in small cubic bins. A
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FIG. 2. 共Color online兲 Density fields and interface location defined by the c
isopleths: black c = bulk / 6, white c = bulk / 10, and dashed c = bulk / 16.
These lines are superimposed over the density 3 bins.
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10

hq (t)hq (t′ )
d2

bin volume of 3 was used in most calculations, but results
are essentially identical for bin volume of 0.023 for the
wavenumbers of interest, as will be seen in Figs. 4 and 5.
The surface shape was defined based on atom positions averaged over LJ ⬅ 冑m / ⑀. This time scale is on the order of
the molecular vibrations and is thus much faster than the
relaxation of thermal capillary waves. Averages over 2LJ
共also to be seen in Fig. 4兲 do not alter the results. For each x
and z column of bins, the data were interpolated by linear
functions to define 共x , y , z , t兲. From this, the interface y
= h共x , z , t兲 is defined by the 共x , y , z , t兲 = c = bulk / 10 isopleth
共see Fig. 2兲. Results are insensitive to c and the calculated
decay rates and amplitudes 共see Figs. 4 and 5兲 are unchanged
by values of c = bulk / 6, bulk / 10, and bulk / 16. This discrete
interface is Fourier transformed to hq共t兲, and the ensemble
averaged time correlations 具hq共t兲hq共0兲典 are computed and fitted to exponentials to calculate 共q兲, as shown in Fig. 3.
A consistent definition of a fluid-vapor interface is an
obvious necessity for any study of the dynamics of fluidvapor interface dynamics. Although we employ a simple cutoff density definition, this definition is not applicable in all
fluids.30–32 The inherent density fluctuations near the fluidvapor interface found in atomic Lennard-Jones fluids30,31 as
well as liquid gallium interfaces32 must be included into in-
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FIG. 4. 共Color online兲 Overlaid curves showing the insensitivity of 共q兲 to
seven different sets of numerical averaging parameters for the 12 共4 nm兲
fluid film: av = LJ, Vbin = 3, c = bulk / 10; av = 2LJ, Vbin = 3, c = bulk / 10;
av = LJ, Vbin = 0.53, c = bulk / 10; av = LJ, Vbin = 0.253, c = bulk / 10; av
= LJ, Vbin = 3, c = bulk / 6; av = LJ, Vbin = 3, c = bulk / 16; and av = LJ,
Vbin = 0.023, c = bulk / 10. Also included for reference are two solid lines of
slopes one and two. The high resolution data 共Vbin = 0.023兲, which extend to
larger q, only deviate for wavelengths approaching the bin size of the Vbin
= 3 data.

terface definitions of any fluids that exhibit this behavior.
Cutoff density based interfaces of such fluids could mistakenly ascribe the position of a local minimum in these fluctuations as the fluid-vapor interface position and lead to error
in measuring interface dynamics. However, the amplitudes of
these fluctuations are suggested to be a function of the fluid
temperature relative to the critical temperature.30,31 As will
be shown in Sec. V, the fact that for a wide range of fluid
temperatures 共relative to critical temperature兲, we see no
change in behavior, suggests that local fluctuations in fluid
density are not a characteristic of the simulated fluids.
The independence of our interface definition on the numerical parameters of the statistical accumulation of data is
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FIG. 3. 共Color online兲 Example exponential fits e−t of 具hq共0兲hq共t兲典 / d2 for
the 12 共4 nm兲 simulation: 共a兲 q = 0.05, 共b兲 q = 0.32, 共c兲 q = 0.95, and 共d兲
q = 1.66.

FIG. 5. 共Color online兲 Overlaid curves showing the insensitivity of 具h2q典 to
seven different sets of numerical averaging parameters for the 12 共4 nm兲
fluid film: av = LJ, Vbin = 3, c = bulk / 10; av = 2LJ, Vbin = 3, c = bulk / 10;
av = LJ, Vbin = 0.53, c = bulk / 10; av = LJ, Vbin = 0.253, c = bulk / 10; av
= LJ, Vbin = 3, c = bulk / 6; av = LJ, Vbin = 3, c = bulk / 16; and av = LJ,
Vbin = 0.023, c = bulk / 10. The high resolution data 共Vbin = 0.023兲 also have
a slope of ⫺4 range. These higher resolution data show additional high
wavenumber agreement of measured amplitudes with Eq. 共6兲. The dashed
line is Eq. 共6兲 and the solid line is for reference.
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FIG. 6. 共Color online兲 Calculated decay rates 共q兲 as a function of wavenumber amplitude q = 兩q兩 for five films with different thicknesses: 6, 12,
24, 48, and 96. The dashed line shows Eq. 共15兲.

clearly demonstrated for a wide range of wavenumbers in
Figs. 4 and 5. An additional discussion of these different
parameters and the consistency of our interface definition is
included in Sec. V.
IV. RESULTS

The 共q兲 of all films simulated are plotted in Fig. 6 and
compared with Eq. 共15兲. According to Eq. 共17兲, all of the
data should collapse onto a curve  ⬃ q4 for small q and a
 ⬃ q curve for larger q. The longer wavelengths do indeed
asymptote to the  ⬃ q4 line, while all of the films except the
thinnest also show a  ⬃ q behavior for larger q. This thinnest film is presumably too thin to be effectively thick even
relative to the shortest wavelengths. Unexpectedly, the
shorter wavelengths of every film also apparently have its
own approximate  ⬃ q2 power law, which is not anticipated
by the continuum theory.
With these data scaled by the atomic scale , rather than
film thickness d, Fig. 7 shows a collapse of the curves in the
1
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FIG. 8. 共Color online兲 Decay rates of capillary waves for both the 6 and
12 films at temperatures T = 0.82 / kB and T =  / kB. Data are indistinguishable except at small q, where statistical sample size effects are apparent for
these simulations.

 ⬃ q2 region, indicative of a molecular scale phenomenon,
and thus insensitivity to the film thickness d. To better understand the relevant parameters for new  ⬃ q2 regime, we
simulated several other films. The first has an increased temperature from kBT = 0.83⑀ to kBT = ⑀. This obviously increases
the energy of the perturbations but also decreases both surface tension and viscosity. The decay rates of the thermal
capillary waves as functions of q for both 6 and 12 are
plotted in Fig. 8, along with the data at the lower temperature. The increase in temperature and decrease in surface
tension have the expected effect of increasing the mean
squared amplitude of the perturbations by 1.8, as predicted
by Eq. 共6兲. As shown in Fig. 8, the  data are independent of
temperature. This suggests that interface displacements are
not the dominant length scale of the new  ⬃ q2 dynamics
and the linear assumption made in Sec. II seems valid.
Figure 9 shows that the  ⬃ q2 region no longer collapses for the  scaling when different polymer lengths are
simulated. However, if the data are scaled by the radius of
gyration

冓冑 兺
N

rg ⬅

冔

1
共ri − rmean兲2 ,
N i=1

共20兲

the  ⬃ q2 region for the three polymer lengths collapses
onto the same power law. In Eq. 共20兲, N is the number of
monomers per molecular chain, 具 ¯ 典 denotes an ensemble
average, and ri and rmean are the position vector of atom i
and average position of all atoms in the molecule, respectively. The quantity rg was measured from bulk samples of
each respective polymer. This dependence upon a length
scale related to the molecular size of the fluids suggests a
molecular-scale granularity effect.
V. SUMMARY AND DISCUSSION

10-1

qσ

100

FIG. 7. 共Color online兲 Same as Fig. 6 but here scaled by the Lennard-Jones
length scale .

While it is not surprising that the atomistically simulated
films show the continuum  ⬃ q4 and  ⬃ q behaviors, it is
unexpected that there is a distinct, approximate  ⬃ q2 behavior at short wavelengths. That this collapses to a single
curve when scaled by the radius of gyration of the fluid mol-
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ecules suggests that dynamics in this new regime depends
upon the wavelength of the perturbation relative to the average spatial extent of the fluid molecules, thus suggesting a
granular effect, although its specific cause remains unclear.
The wavelength corresponding to the point marked by
Rq2 in Fig. 9 is 14. This is similar to the length scale at
which atomistic fluids are seen to deviate from continuum
predictions in confined channel flows, for example. Molecular simulations with simple fluids suggest that Newtonian
fluid flow is usually achieved for channel flows with widths
greater than 10,33,34 which is comparable in size to the beginning of the  ⬃ q2 regime.
Although we used a simple cutoff density to define our
interface, as described in Sec. III, there are some subtleties of
a liquid-vapor interface at the molecular level that must be
discussed. Tarazona and Chacón30,31 report intrinsic density
fluctuations at the interface of monoatomic Lennard-Jones
fluids. These fluctuations are manifestations of molecular ordering near the surface of the fluid and cause obvious concerns for cutoff density based definitions, such as employed
in this work. Tarazona and Chacón30,31 emphasize that these
fluctuations were particularly pronounced for atomic
Lennard-Jones fluids well below the critical temperature Tc,
and as film temperatures approach Tc this molecular ordering
near the interface becomes less pronounced and yields
smoother intrinsic density profiles.
For the different polymer lengths simulated, our films
effectively span a range of T / Tc values. With a
T / Tc ⬇ 0.70,10 the two-atom polymer at T = ⑀ / kB shown in
Fig. 8 has the highest relative temperature, while the T
= 0.83⑀ / kB eight-polymer, which appeared to have no gas
phase at this temperature, has a significantly lower T / Tc.
Large T / Tc values, such as 0.70, are not expected to show
any significant density fluctuations near the fluid-vapor
interface.31 If intrinsic fluctuations in the interface density
were affecting the interface measurement, they are expected
to be sensitive to T / Tc.30,31 Since we see no such sensitivity,
we conclude they are not a significant factor in this study.
The fluctuations in this new regime are fast, but not fast
enough to introduce any obvious inertial effects. Consistent
with the viscous continuum model 共7兲, the decorrelation of
the surface waves is indeed exponential, as seen in the examples shown in Fig. 3. The fluctuation Reynolds number is
also low. For U = hq and L = 1 / q, Re= UL /  = 0.01 near the
switch from  ⬃ q to  ⬃ q2 behavior at around q = 0.45
共see Fig. 9兲. From Eq. 共6兲, the capillary amplitudes scale as
hq ⬃ 1 / q, so the calculated Re should not deviate significantly from this value throughout the quadratic decay regime.
Interestingly, including a slip boundary condition on the
wall yields a  ⬃ q2 decay behavior in the long-wavelength
limit,17 but slip can only be significant when the relaxation of
the capillary waves is directly affected by the wall, not for
wavelengths shorter than those in the  ⬃ q regime. Including slip lengths into the fluid model17 shifts the lubrication
 ⬃ q4, decay rates toward smaller q in an 共q兲 plot such as
in Fig. 6. Such a shift would push continuum predictions
共dashed line兲 away from the already well modeled lubrication regime of all of our films. Furthermore, by inspection
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FIG. 9. 共Color online兲 Relaxation rate for rg scaled data. The four-polymer
data are plotted from two simulations with different domain shapes 共8
⫻ 590 and 50 ⫻ 50兲, but these overlay confirming that there is no artifact of the domain shape. The arrow labeled with Rq2 marks a nominal start
of the  ⬃ q2 regime.

the velocity of fluid atoms adjacent to the fluid-solid interface revealed no evidence of slip.
It could be suggested that this new behavior is a manifestation of a more viscoelastic nature of the fluid at very fast
time scales. Larger size polymers, with radii of gyration
greater than half of the film thickness 共d ⱕ 2rg兲, have shown
behavior indicative of viscoelastic properties.13,19 In a theoretical analysis of several different thin film models, Henle et
al.17 showed that a nonslipping viscoelastic fluid’s heightheight correlations would have multiple exponential decay
rates as well as decay rates that are constant relative to wavenumber q. Neither of these features appear in our simulations. As shown in Figs. 3 and 9, the correlations were well
fitted by a single exponential decay and measured decay
rates showed no q-independent behavior.
It could also be suggested that a deviation in the behavior from the continuum model is related to a wavenumber
dependent surface tension ␥共q兲. Because surface tension
drives the perturbations of the interface back toward equilibrium, a change in the effective surface tension could affect
the relaxation rates. At high enough wavenumbers, where
wavelengths approach molecule size, molecular deformation
as well as interface deformations could store the potential
energy of the thermal fluctuations. This consideration was
originally included into interface studies by Helfrich35 and is
found to be consistent with both molecular simulations31 and
x-ray spectroscopy.36 Including bending interactions of molecules into the surface energy of an interface yields an effective surface tension of the form31,35,36

␥共q兲 = ␥o + q2 + O共q4兲,

共21兲

where  is a molecular stiffness term to account for energy
being stored in molecular bending and ␥o is the large-scale
wavenumber independent surface tension. Density functional
theory provides an additional consideration for the effective
surface tension ␥共q兲 of a fluid-vapor interface.23,37 Mecke et
al.23,37 included the nonlocal interactions of the fluid atoms
which create a local minimum in ␥共q兲 at higher wavenumbers before molecular bending dominated the effective surface tension ␥共q兲 ⬃ q2. However, as is apparent in Fig. 10,
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FIG. 10. 共Color online兲 Ratio of the mean-squared amplitude 具hq共t兲2典 to
thermal capillary wave predictions 共6兲 for the different polymer lengths as a
function of qrg. A solid line is drawn at 具hq共t兲2典 / 具h2q典 = 1, which represents
the obvious predictions of Eq. 共6兲. The arrow corresponds to that shown in
Fig. 9, marking a nominal beginning of the  ⬃ q2 regime.

the constant surface tension predicts 具h2q典 well past the beginning of the approximate  ⬃ q2 behavior. Using higher resolution binning data 共Fig. 5兲, we were able to resolve an apparent transition to a molecular bending regime 具h2q典 ⬃ 1 / q4,
which occurs at higher wavenumbers than Rq2. The higher
resolution binning data did not resolve the predicted localized minimum of Mecke et al.; however, our results are consistent with the results from the molecular simulations of
Chacón and Tarazona30,31 who also employed at 2.5 cutoff
radius in their Lennard-Jones fluid simulation. Given that the
amplitudes of the thermal capillary waves were consistent
with capillary wave theory for qrg ⬎ Rq2 for both the lower
resolution binning 共Vbin = 3兲 as well as our higher resolution
data 共Vbin = 0.023兲, there is no reason to believe that wavenumber dependent surface tension explains the apparent 
⬃ q2 regime.
It is noteworthy that the viscosity  and surface tension
␥ still seem relevant in the new regime. They vary by factors
of 7.7 in  and 2 in ␥, yet the data still collapse when scaled
by these parameters in Fig. 9. The onset of  ⬃ q2 also does
not seem to correspond to any obvious failure of the surface
tension Laplace pressure model 共1兲, as must occur at molecular scales. We assess this by gauging whether or not the
surface energy implied by Eq. 共1兲 obeys equipartition 共6兲.
Equipartition must be obeyed, of course, and it indeed is in
the atomistic simulations; this test is an indirect assessment
of whether or not Eq. 共1兲 provides a reasonable model for the
surface energy when  ⬃ q2. In Fig. 9, the Rq2 point, which
labels the onset of  ⬃ q2 behavior, does not correspond to a
consistent deviation from equipartition for the standard surface tension model, as defined by Eqs. 共1兲 and 共6兲. The twopolymer case does deviate here, but the longer polymers
seem to follow Eq. 共6兲 well into the  ⬃ q2 regime. However,
as shown in Fig. 5, this apparent breakdown of surface tension in the two-polymer fluid is an artifact of the bin sized
use in the 共x , y , z , t兲 calculation and is not present in the
higher resolution data.
Given all this, one possibility is that a failure of the
applicability of the Newtonian stress tensor 共10兲 at these molecular scales is responsible for the new behavior. The dy-
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namics of thermal capillary waves are a balance of the power
dissipated from relaxation of the surface perturbation against
the Laplace pressure and the dissipated energy of the flow
underneath the fluid surface. Our amplitude results suggest
that the Laplace pressure measurements are accurate well
into the new regime 共Fig. 10兲. Since the Laplace pressure
must be balanced against viscous dissipation in Re→ 0
flows, and our decay rates are faster than expected than under Newtonian dissipation 共Fig. 7兲, the dissipation of the
flow near the interface must be less than the expected dissipation under Newtonian assumptions. However, given that
there is a collapse of data relative to Newtonian shear viscosity, it is implied that there is a connection between the
“new” shear stress and the Newtonian shear stress. Perhaps
this connection can be derived from a granular flow treatment similar to that of Haff.38 Another possibility is that the
strain-rate tensor used in the development of Eq. 共15兲 may
need to be modified to account for the discrete size of the
fluid elements. Thus, rather than assuming a continuous derivative across the velocity field, strain rate may be better
modeled as a finite difference between layers of atoms with
grid spacing roughly rg.
It seems that further numerical, experimental, and theoretical investigations are needed to fully explain the observed
larger q decay rate behavior. Given that this approximated
 ⬃ q2 regime is a function of particle size, it may become
apparent at larger, more engineering relevant length scales in
fluids with larger molecules.
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